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Abstract: It is well known that the annihilation of Majorana dark matter into fermions is
helicity suppressed. Here, we point out that the underlying mechanism is a subtle combina-
tion of two distinct effects, and we present a comprehensive analysis of how the suppression
can be partially or fully lifted by the internal bremsstrahlung of an additional boson in
the final state. As a concrete illustration, we compute analytically the full amplitudes and
annihilation rates of supersymmetric neutralinos to final states that contain any combina-
tion of two standard model fermions, plus one electroweak gauge boson or one of the five
physical Higgs bosons that appear in the minimal supersymmetric standard model. We
classify the various ways in which these three-body rates can be large compared to the
two-body rates, identifying cases that have not been pointed out before. In our analysis, we
put special emphasis on how to avoid the double counting of identical kinematic situations
that appear for two-body and three-body final states, in particular on how to correctly
treat differential rates and the spectrum of the resulting stable particles that is relevant for
indirect dark matter searches. We find that both the total annihilation rates and the yields
can be significantly enhanced when taking into account the corrections computed here, in
particular for models with somewhat small annihilation rates at tree-level which otherwise
would not be testable with indirect dark matter searches. Even more importantly, how-
ever, we find that the resulting annihilation spectra of positrons, neutrinos, gamma-rays
and antiprotons differ in general substantially from the model-independent spectra that
are commonly adopted, for these final states, when constraining particle dark matter with
indirect detection experiments.
ar
X
iv
:1
70
5.
03
46
6v
2 
 [h
ep
-p
h]
  1
9 S
ep
 20
17
Contents
1 Introduction 2
2 Majorana dark matter and relevant symmetries 4
2.1 Chiral symmetry, gauge symmetry and helicity suppression 4
2.2 Lifting of Yukawa and isospin suppression 6
2.3 Gauge invariance in IB processes 8
3 Neutralino annihilation to f¯f and an additional final-state particle 8
3.1 Full analytic amplitudes and gauge-invariant subsets 9
3.2 Helicity suppression in the MSSM 11
3.2.1 Yukawa Suppression 11
3.2.2 Isospin Suppression 12
3.3 Yukawa and isospin suppression lifting 12
3.4 Heavy propagator suppression 15
3.5 Threshold effects 15
4 Double counting issues 18
4.1 Narrow width approximation and total cross section 19
4.2 Spectrum of stable particles 21
5 Results for the MSSM 24
5.1 Theoretical benchmark models 25
5.2 Total annihilation rate 26
5.3 Yield enhancement 29
5.4 Indirect detection spectra 31
6 Conclusions 38
A Neutralino annihilation amplitudes 40
A.1 Expansion of Amplitudes in the Helicity Basis 40
A.2 Results for expanded amplitudes 42
A.3 Suppression lifting from individual diagrams 49
B Numerical implementation 52
C Spin correlations of decaying resonances 54
– 1 –
1 Introduction
The prime hypothesis for the cosmologically observed dark matter (DM) [1] is a new type of
elementary particle [2]. Among theoretically well-motivated candidates, weakly interacting
massive particles (WIMPs) play a prominent role. This is because such WIMPs very often
appear in theories that attempt to cure the fine-tuning problems in the Higgs sector of the
standard model of particle physics (SM), and because thermal relics with weak masses and
cross sections at the electroweak scale are typically produced with the correct abundance to
account for the DM density today [3, 4]. Another advantage is that the WIMP hypothesis
can be tested in multiple ways: at colliders, where the signature consists in missing energy,
in direct detection experiments aiming to observe DM particles recoiling off the nuclei of deep
underground detectors, and in indirect searches for the debris of DM annihilation in cosmic
regions with large DM densities. Direct detection experiments have become extremely
competitive in constraining smaller and smaller scattering rates [5, 6], and collider searches
have pushed the scale of new physics to TeV energies in many popular models [7, 8]. It is
worth stressing, however, that only ‘indirect’ searches would eventually allow to test the
WIMP DM hypothesis in situ, i.e. in places that are relevant for the cosmological evidence
for DM. Also indirect searches have become highly competitive during the last decade, now
probing the ‘thermal cross section’ (the one that is needed to produce the observed DM
abundance) up to WIMP masses of the order of 100GeV [9, 10].
A key quantity for both thermal production of WIMPs and indirect searches is the
total annihilation cross section. Multiplied by the relative velocity v of the incoming DM
particles, it can in the non- relativistic limit be expanded as
σv = a+ bv2 +O(v4) . (1.1)
It was noted early [11, 12] that radiative corrections to σv can be huge because of symme-
tries of the annihilating DM pair in the v → 0 limit. For indirect DM searches, changes
in either the partial cross section, for a given annihilation channel, or the differential cross
section, dσv/dE, may be phenomenologically even more important. The reason is that
an additional photon in the final state can give rise to pronounced spectral features in
the DM signal in both gamma [13] and charged cosmic rays [14]. For electroweak cor-
rections, the situation is in some sense even more interesting because, on top of the just
mentioned effects, completely new indirect detection channels may open up. In this way,
antiproton data can for example efficiently constrain DM annihilation to light leptons when
considering the associated emission of W or Z bosons [15]. In the presence of point-like
interactions, such as described by effective operators, the resulting spectra can be computed
in a model-independent way by using splitting functions inspired by a parton picture [16].
This approach is very useful for generic DM phenomenology and is, for example, the one
implemented in the ‘cookbook’ for indirect detection [17]. One of the main results of this
article (see also [18]) is that the resulting cosmic ray spectra from DM annihilation can
differ substantially from the actual spectra, calculated in a fully consistent way from the
underlying particle framework.
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Here we revisit in detail one of the most often discussed examples where radiative
corrections can be large, namely the case of a Majorana DM particle χ. The tree-level
annihilation rate into light fermions f is then on general grounds ‘helicity suppressed’, for
v → 0, as a consequence of the conserved quantum numbers of the initial state [19]. The
resulting suppression by a factor ofm2f/m
2
χ can be lifted by allowing for an additional vector
[11] or scalar [20] boson in the final state, implying that for DM masses at the electroweak
scale the radiative ‘corrections’ can be several orders of magnitude larger than the result
from lowest order in perturbation theory1. Here, we revisit these arguments and point out
that the effect commonly referred to as helicity suppression is in fact the culmination of
two distinct suppression mechanisms, in the sense that they can be lifted independently.
This results, in general, in a rather rich phenomenology of such radiative corrections.
As an application, we consider electroweak corrections to the annihilation cross section
of the lightest supersymmetric neutralino – one of the most often discussed DM prototypes
[28] and still a leading candidate despite null searches for supersymmetry at ever higher
energies and luminosities at the LHC [7, 8] – though our main findings can be extended
in an analogous way to other DM candidates that couple to the SM via the electroweak
or Higgs sector. Concretely, we provide a comprehensive analysis, both analytically and
numerically, of all 3-body final states from neutralino annihilation that contain a fermion
pair and either an electroweak gauge boson or one of the five Higgs bosons contained in the
minimal supersymmetric standard model (MSSM), for a neutralino that can be an arbitrary
admixture of Wino, Bino and Higgsino.2 We find large parameter regions where these 3-
body final states significantly enhance the DM annihilation rate, with the impact on the
shape of the cosmic-ray spectra relevant for indirect detection being even more significant.
One of the technically most involved aspects, apart from the shear number of diagrams
to be considered, is how to avoid ‘double counting’ the on-shell parts of the 3-body ampli-
tudes that are already, implicitly, included in the corresponding 2-body results. We provide
an in-depth treatment of this issue and demonstrate how to accurately treat not only the
total cross section but also the resulting cosmic-ray spectra. We again find significant ef-
fects on the latter, indicating the need to correctly adopt this method also for other DM
candidates. In fact, in order to reliably test the underlying particle models, our findings
suggest that at least for fermionic final states it is in general not sufficient to use the model-
independent spectra traditionally provided by numerical packages. The numerical routines
that implement our results for the neutralino case will be fully available with the next public
release of DarkSUSY [39, 40].
This article is organized as follows. We start in Section 2 with a general discussion of
Majorana DM annihilating to fermions and the relevant symmetries that arise for v → 0,
1The lifting of helicity suppression via three-body final states is also relevant for real scalar dark matter
[21–25] and, under certain conditions, for vector dark matter [26]. The case in which the additional boson
is a Z′ has been considered in [27].
2For neutralino annihilation, so far only the cases of photon [13] and gluon [29] internal bremsstrahlung
(IB) have been considered in full generality. Final states with electroweak gauge bosons have been considered
for pure binos in [30–35], for Higgsinos in [36], and for pure Winos in [37]. A first study for a general
neutralino has been performed in [18]. Finally, final states involving the SM-like Higgs boson have been
considered in [20] for a toy model encompassing a pure Bino (see also [38]).
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revisiting in particular the often invoked ‘helicity suppression’ arguments and how this sup-
pression can be lifted fully or partially. In Section 3 we then consider the concrete case of
neutralino DM, and discuss the various possibilities of how the presence of an additional
final state boson can add sizeable contributions to, or even significantly enhance, the 2-
body annihilation rates. The double counting issues mentioned above are then addressed in
detail in a separate Section 4. We scan the parameter space of several MSSM versions and
demonstrate the effect of these newly implemented corrections to neutralino annihilation in
Section 5, both for the annihilation rates and the cosmic-ray spectra relevant for indirect
DM searches, and present our conclusions in Section 6. In a more technical Appendix,
we describe the details of our analytical calculations to obtain the 3-body matrix elements
for fully general neutralino annihilation in the MSSM (Appendix A), the numerical im-
plementation of these results in DarkSUSY (Appendix B), and how to correctly treat spin
correlations of decaying resonances (Appendix C).
2 Majorana dark matter and relevant symmetries
For DM annihilation in the Milky Way halo, where DM particles have typical velocities of
order 10−3, only the first term in Eq. (1.1) gives a sizeable contribution. In the following
we therefore neglect p and higher partial wave contributions, and it is understood that
all (differential) cross sections are effectively evaluated in the zero-velocity limit. For an
s-wave, the relative angular momentum in the initial state is L = 0. Due to the Majorana
nature the initial particles are identical, but because we consider fermions the total wave
function still needs to be antisymmetric with respect to exchanging the incoming particles.
The orbital wave function for L = 0 is symmetric, so in order to get an anti-symmetric total
wave function the spins must couple into an antisymmetric state. This is only possible for
the singlet state, with S = 0, resulting in the following quantum numbers:
J = 0, C = (−1)L+S = 1, P = (−1)L+1 = −1 . (2.1)
Here, the general expressions for C and P apply because we have a system of two fermions.
Assuming no significant sources of CP violation in the theory, which generally are highly
constrained by measurements of the electric dipole moment and other precision experiments,
the symmetry of the final state is hence also restricted to be JCP = 0−. This implies the
well-known ‘helicity’ suppression of the annihilation rate into light fermions, similar to
the case of charged pion decay. In the following we first briefly review the origin of this
suppression, and then argue that it can in fact be related to a combination of two rather
independent suppression mechanisms.
2.1 Chiral symmetry, gauge symmetry and helicity suppression
We want to study Dirac fermions f as possible final states from the annihilation of Majorana
particles χ. Their free Lagrangian is given by L0 = f¯(i/∂ −mf )f , which is invariant under
Lorentz transformations, i.e. invariant under SU(2)L+R. In the massless limit, mf → 0,
this symmetry is upgraded to a chiral symmetry SU(2)L × SU(2)R, in which the left and
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right handed Weyl states transform independently of each other, and helicity and chiral
eigenstates unify. For a fermion pair f¯f , the spins can combine to either a singlet (S = 0),
(|↑↓〉 − |↓↑〉) /
√
2, (2.2)
or a triplet (S = 1) spin state,{
|↓↓〉 , (|↑↓〉+ |↓↑〉) /
√
2, |↑↑〉
}
, (2.3)
where the arrows indicate the spin direction along the z-axis (the first entry refers to the
antifermion, the second to the fermion). If the two fermion momenta are (anti-)parallel –
e.g. because they are emitted back-to-back as the final states of a DM annihilation process
– the z-axis can be chosen to be aligned in the same direction as the momenta, and the
above spin projections on the z axis are directly related to the helicities of the two particles.
Choosing pf (pf¯ ) to point along the positive (negative) z-axis, the helicity configurations
h = Szpz/ |pz| of the singlet and triplet state are then given by
1√
2
(∣∣∣∣−12 ,−12
〉
−
∣∣∣∣+12 ,+12
〉)
→ 1√
2
(∣∣f¯R, fL〉− ∣∣f¯L, fR〉) (2.4)
and {∣∣∣∣+12 ,−12
〉
,
1√
2
(∣∣∣∣−12 ,−12
〉
+
∣∣∣∣+12 ,+12
〉)
,
∣∣∣∣−12 ,+12
〉}
→
{∣∣f¯L, fL〉 , 1√
2
(∣∣f¯R, fL〉+ ∣∣f¯L, fR〉) , ∣∣f¯R, fR〉} , (2.5)
where the arrows indicate the chiral states in the left/right decoupling limit, i.e. formf → 0.
The momentum configuration thus restricts which helicity states can be associated to
the spin states. Angular momentum and the assumed CP invariance, on the other hand,
restrict which spin state can be realized. Since CP = (−1)L+S × (−1)L+1 = (−1)S+1, for
example, only the singlet state with S = 0 is compatible with the odd CP parity of the
initial state. Eq. (2.4) then tells us that both fermion and antifermion in this momentum
configuration must have the same helicity. In any chirally symmetric theory, however, the
antifermion must necessarily have the opposite helicity of the fermion. We note that angular
momentum conservation alone leads to the same conclusion: since L = r×p, we must have
Lz = 0 and hence Sz = Jz = 0. Eqns. (2.4, 2.5) then imply that fermion and antifermion
must, independently of the value of S, have the same helicity. The annihillation process
χχ → f¯f is therefore only possible if chiral symmetry is broken in the Lagrangian, for
example through an explicit fermionic mass term mf f¯LfR or through the coupling of the
fermion f to a scalar field λφf¯LfR. It follows that the amplitude of the annihilation process
must be proportional to the chiral symmetry breaking parameters mf or λ.
In addition, it is instructive to consider also the isospin of the involved particles. Since
left-and right-handed SM fermions transform under different representations of SU(2)L, the
final states f¯LfR and f¯RfL have total isospin I = 1/2. The initial state χχ, on the other
hand, has necessarily integer isospin, implying ∆I 6= 0. The annihilation rate thus has to
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vanish for an unbroken SU(2)L, and therefore has to be proportional to at least one power
of the Higgs vacuum expectation value (VEV) vEW . For heavy DM the ratio δv ≡ vEW /mχ
becomes small, and processes with ∆I 6= 0 will be suppressed by some power of δv.
In total, this implies that the amplitude for χχ → f¯f has to involve (at least) one
parameter that breaks chiral symmetry, and one power of vEW that controls breaking
of the SU(2)L symmetry. For the SM fermions that receive their mass from the Higgs
mechanism, both of these conditions are fulfilled for the usual helicity suppression factor
mf . Depending on the model, however, there can be further possibilities, as we will discuss
in detail for the case of the MSSM below, and it is useful to discriminate between the two
suppression mechanisms. In the following, we therefore refer to the suppression related to
chiral symmetry breaking as Yukawa suppression, and to the one related to electroweak
symmetry breaking as isospin suppression. While isospin suppression is controlled by only
one parameter, δv = vEW /mχ, there can in principle be several sources of chiral symmetry
breaking, for example in models with more complicated Higgs sectors. Nevertheless, as
we discuss in detail in Section 3, all terms that break chiral invariance in the MSSM are
accompanied by Yukawa couplings yf ∝ mf/vEW . Even though the following discussion
of suppression lifting is completely model independent we will thus continue to assume, for
concreteness, that chiral symmetry breaking is controlled by yf .
2.2 Lifting of Yukawa and isospin suppression
With the above discussion in mind, the only way to avoid the suppression of non-relativistic
Majorana DM annihilation is to allow for an additional final state particle. Lorentz invari-
ance requires this additional particle to be a boson, such that the leading process we are
interested in is of the form
χχ→ BF¯f (2.6)
where B is a scalar or vector boson, and F = f if B is electrically neutral. The additional
boson can be either a SM particle, in particular a photon (refered to as electromagnetic
IB), a gluon, a weak gauge boson (W±, Z) or the Higgs boson h, or it can be a new particle
beyond the SM (for example a heavy Higgs boson within the MSSM). For the moment we
want to keep the discussion model-independent, and therefore focus on the former case. A
frequently used approximation is to restrict the discussion to B being radiated off a fermion
line in the final state, as described by soft and/or collinear splitting functions [16, 17]. We
emphasize that this approach does not capture the (partial) lifting of helicity suppression,
and therefore is inadequate for the case of heavy Majorana DM annihilation to fermions.
Taking the gauge restoration limit vEW → 0, it becomes straight-forward to exhibit
the scaling of a given process with yf and vEW . (We emphasize that we consider this
limit only in order to discuss the possible mechanisms of Yukawa and isospin suppression
lifting, while all our numerical results later on take the full dependence on vEW and yf into
account). In this limit, the left- and right-handed components of the fermions in the final
state and in internal lines can not only be considered as gauge interaction eigenstates but as
independently propagating degrees of freedom. The fermion mass is treated perturbatively
in the mass insertion approximation, and is associated with a chirality flip along with a
– 6 –
g ZT /γ WT ZL WL h
F¯RfL or F¯LfR yfvEW yfvEW yfvEW yf yf yf
F¯LfL 1 1 1 vEW vEW vEW
F¯RfR 1 1 1 vEW vEW vEW
Table 1. Summary of Yukawa and isospin suppression(-lifting) in 3-body annihilation processes
χχ → BF¯f for various final state boson B and fermion combinations. Entries ∝ 1 correspond
to processes that potentially can lift both Yukawa and isospin suppression of the 2-body process.
Entries ∝ yf can lift isospin suppression but are still suppressed by the Yukawa coupling, while
those ∝ vEW can lift Yukawa suppression but are still suppressed by δv = vEW /mχ for large mχ.
suppression factormf ∝ yfvEW . In addition, longitudinally polarized gauge bosonsWL/ZL
can be replaced by the corresponding Goldstone bosons G±, G0 by virtue of the Goldstone
boson equivalence theorem, cf. Eqs. (2.7-2.8) below. All final states thus have definite
SU(2)L quantum numbers (i.e. I = 1/2 for G±, G0, h, fL, I = 0 for fR, and I = 1 for WT ),
except for the ZT , which is a mixture of I = 0, 1 states (even in the gauge restauration
limit, we find it convenient to express our results in terms of the Z boson instead of the
neutral SU(2)L boson).
The amplitude of the generic 3-body process indicated in Eq. (2.6) can be non-zero
for vEW → 0 only if ∆I = 0, i.e. if isospin is conserved. Furthermore, the amplitude
must vanish for yf → 0 unless both fermions have the same chirality. Note that this
is possible for 3-body processes because the kinematics does not force the fermions to
be emitted back-to-back in the center-of-mass (CMS) frame, and therefore the arguments
discussed in Section 2.1 do not apply.3 These two observations immediately determine
which annihilation processes can lift either Yukawa or isospin suppression (or both). In
Table 1, we show schematically the required scaling of the amplitude that results from
these considerations, for various combinations of fermion chiralities and final state bosons
(where the longitudinal gauge bosons represent the corresponding Goldstone bosons). Both
suppression factors can be lifted only in processes where a transverse gauge boson (ZT ,
WT , γ, or gluon g) is emitted and the final state fermions are described by spinors of
equal chirality (F¯RfR or F¯LfL). For longitudinal gauge bosons (ZL or WL) or the Higgs
boson h, only one of the suppression factors can (potentially) be avoided for 3-body final
states: isospin suppression can be lifted if the fermions are of opposite chirality, and Yukawa
3 In the extreme case where both fermions are emitted in the same direction, e.g., one simply has to
exchange fR ↔ fL in Eqs. (2.4, 2.5), which allows equal chiralities of the fermions in both the singlet and
triplet spin state. In this kinematical configuration, it is easy to visualize how the fermion momentum can
be balanced by the emitted boson B, and how their spin can combine with SB and L to the required J = 0
for both SB = 0 and SB = 1. In general, the spin singlet and triplet states will be linear combinations
of all chiral states, with expectation values that depend on the angle between the fermion momenta, thus
rendering the above argument essentially independent of the specific kinematical configuration. Also the
requirement of CP conservation is much less restrictive for 3-body than for 2-body final states. A general
discussion is somewhat complicated by the fact that e.g. F¯ f is not necessarily a CP eigenstate that could
be analysed individually, but in principle straight-forward by classifying all possible effective operators that
connect initial and final states (similar in spirit to the analysis of 2-body final states presented in Ref. [41]).
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suppression can be lifted if the fermions are of equal chirality.
Let us stress that the symmetry arguments presented above simply guarantee that the
amplitude must vanish for yf → 0 and vEW → 0, respectively, and the same applies to any
gauge invariant sub-sets of diagrams. The actual suppression can thus be stronger than
indicated by Table 1, i.e. by additional powers of vEW or yf . At the same time, we caution
that single diagrams can scale in a different way, depending on the gauge choice, such that
the vanishing for yf → 0 or vEW → 0 is in general not guaranteed.
2.3 Gauge invariance in IB processes
Following up on the last comment, let us for convenience briefly recall how to verify gauge
independence and identify gauge invariant subsets of diagrams. While for photon emission a
good test is to check whether a given set of diagrams satisfies the Ward identityMµ(χχ→
f¯fγ)kµ = 0, where kµ is the momentum of the photon, this does not work for electroweak
IB because SU(2)L × U(1)Y has been spontaneously broken. Indeed the question of gauge
invariance changes in general, as weak hypercharge and isospin are no longer conserved
in their original form. For the spontaneously broken Glashow-Weinberg-Salam theory the
correct way to define gauge invariance is in terms of the preserved BRST symmetry [42, 43],
under which SM field transformations involve ghost fields which arise from the electroweak
gauge fixing procedure. This implies a new set of Ward identities, which in general depend
on the choice of gauge. Using the standard Rξ class of gauges [44], we arrive at the Ward
identities for electroweak IB as expected from the Goldstone equivalence theorem:
Mµ(χχ→ f¯fZ)kµ = imZM(χχ→ f¯fG0) , (2.7)
Mµ(χχ→ F¯ fW±)kµ = mWM(χχ→ F¯ fG±) . (2.8)
We reiterate that Eqns. (2.7) and (2.8) in general apply to (subsets of) the full amplitude,
not individual diagrams, and are a valuable test for the results outlined in the next section.
3 Neutralino annihilation to f¯f and an additional final-state particle
In this section we apply the general discussion of helicity suppression lifting in Majorana
DM annihilation to the lightest supersymmetric neutralino as DM candidate, and additional
final state bosons charged under SU(2)L. For photon or gluon IB we refer to the references
listed in the introduction. Concerning the choice of DM candidate, we note that much
of the following discussion is still rather generic and can thus be extended in a straight-
forward way to any theory with an extended Higgs sector or where the DM particles belong
to a different electroweak multiplet. We will introduce the relevant 3-body processes and
Feynman diagrams in Section 3.1, re-visit the discussion of the helicity suppression in light
of the specific situation encountered in the MSSM (Section 3.2) and then demonstrate in
detail how these suppressions can be lifted, fully or partially, in Section 3.3. In Sections 3.4
and 3.5, finally, we discuss two mechanisms by which 3-body cross sections can be enhanced
which are not related to the helicity suppression of 2-body final states.
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f
Figure 1. Condensed representation of all Feynman diagrams for neutralino annihilation into F¯ fV
or F¯ fS, where dotted lines indicate scalar (S = A, h,H,H±) or vector (V = Z,W±) mediators,
depending on the final state configuration. Fermion final states are identical, F = f , for neutral
boson emission (h, H, A or Z), while (f, F ) constitute the two components of an SU(2)L doublet
for charged boson emission (H± orW±). See text for more details on how the individual topologies
are referred to in this article.
3.1 Full analytic amplitudes and gauge-invariant subsets
From now on, we thus assume DM to be composed of the lightest neutralino, χ ≡ χ˜01, which
is a superposition of Wino, Bino and Higgsino states,
χ = N11B˜ +N12W˜
3 +N13H˜
0
1 +N14H˜
0
2 , (3.1)
obtained by diagonalizing the neutralino mass matrix
M1 0
−g′v1√
2
g′v2√
2
0 M2
gv1√
2
−gv2√
2
−g′v1√
2
gv1√
2
0 −µ
g′v2√
2
−gv2√
2
−µ 0
 . (3.2)
Here, M1 and M2 are the Bino and Wino mass parameters, respectively, and µ is the
Higgsino mass parameter; v1 and v2 are the VEVs of the two Higgs doublets, with vEW =√
v21 + v
2
2 and tanβ ≡ v1/v2, and g and g′ are the SU(2)L and U(1)Y couplings, respectively.
We follow the conventions of Ref. [45], as implemented in DarkSUSY, and take all mass
eigenvalues to be positive, while the diagonalization matrix N can be complex.
We want to consider here all 3-body final states that contains a fermion pair and a
boson that is charged under SU(2)L. Assuming CP -violating terms to be small, the full
list of processes of interest is thus
χχ→W+F¯ f, Zf¯f,H+F¯ f, Af¯f,Hf¯f, hf¯f . (3.3)
Here, A denotes the CP -odd Higgs, H+ the charged Higgs, and H and h the heavy and
light CP -even Higgs bosons, respectively. For charged boson final states, f denotes any
fermion doublet component with isospin +1/2, and F the corresponding one with isospin
−1/2; for neutral bosons, f can be any SM fermion.
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Figure 2. Gauge invariant set of amplitudes for neutralino DM annihilation into a fermion pair
and a W boson, mediated by s-channel bosons with a mass at the scale of the CP -odd Higgs A.
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Figure 3. Same as Fig. 2, but mediated by s-channel bosons with a mass at the electroweak scale.
f
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χ˜01
χ˜01 F¯
f
W±
˜¯fi
˜¯fj
˜¯fi
˜¯fi
˜¯fi
˜¯fi
χ˜±n
χ˜±n
Figure 4. Same as Fig. 2, but mediated by t-channel sfermions.
In Fig. 1, we show all contributing Feynman diagrams in a condensed form (note
that some of these diagrams may vanish for specific combinations of internal and external
particles). For future reference, we follow Ref. [18] and refer to the top row of diagrams
as (derived from 2-body) s-channel processes, and to the bottom row of diagrams as t/u-
channel processes (noting that t- and u-channel amplitudes are identical in the v → 0 limit).
Likewise, we denote diagrams of the type that appear in the first column as virtual internal
bremsstrahlung (VIB), diagrams of the type that appear in the second and third column as
final state radiation (FSR),4 and diagrams of the type that appear in the last two columns
as initial state radiation (ISR).
We explicitly calculate the full analytical expressions for all these processes in the
limit of vanishing relative velocity of the annihilating neutralino pair, see Appendix A.1
for technical details. We then use the Ward identities in Eqns. (2.7) and (2.8) to group
diagrams into gauge invariant sets for the case of vector boson final states. In general we
4 We stress that this distinction between VIB and FSR, while useful for the specific purpose of our dis-
cussion, is not gauge invariant and exclusively refers to the topology of the involved diagrams. In particular,
it should not be confused with an often used gauge invariant alternative set of definitions where FSR refers
exclusively to the soft or collinear photons radiated from the final legs [13, 16, 17], while VIB is defined as
the difference between the full amplitude squared and the FSR contribution [13] .
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identified only two of such invariant sets: those diagrams that are derived from 2-body s-
channel processes and those that are derived from 2-body t-channel processes. In the limit
mA  mχ – which is phenomenologically particularly relevant because the observed Higgs
is very SM like – the s-channel diagrams however split into two gauge-invariant subsets.
All diagrams then fall quite neatly into 3 categories: heavy Higgs s-channel, which are the
set of diagrams with (at least one) mediator at the mass scale MA (see Fig. 2), weak-scale
s-channel, which are the set of diagrams with s-channel mediators at the weak scale (see
Fig. 3), and t-channel, which are the set of diagrams with sfermion mediators (see Fig. 4).5
For Zf¯f and hf¯f final states the three sets of diagrams can be obtained analogously:
t-channel contributions involve at least one sfermion line, while the remaining diagrams
belong to the s-channel category (which can be further split into subsets involving at least
one mediator at scale MA, or none, respectively).
3.2 Helicity suppression in the MSSM
As established in the previous Section, the ‘helicity suppression’ of the 2-body annihilation
rate by a factor of m2f/m
2
χ is indeed the combination of in principle independent Yukawa
and isospin suppressions. Let us now turn back to this observation and discuss it in more
detail in light of the MSSM, where both mechanisms are still intrinsically linked because of
the connection between gauge symmetry and chiral structure in the MSSM Lagrangian.
3.2.1 Yukawa Suppression
The chiral symmetry of the MSSM Lagrangian is broken by terms proportional to Yukawa
couplings (in order to avoid flavour-changing neutral currents, we assume as usual that
the A-terms are proportional to the Yukawa coupling matrices). Following the general
arguments of Section 2.1, any amplitude contributing to χχ → f¯f must therefore be pro-
portional to yf . Within the MSSM the values of yf are functions of tanβ but, except for the
top quark, in general so small that this can lead to a suppression of the 2-body amplitudes
by many orders of magnitude. From the point of view of the broken theory, this Yukawa
suppression appears to arise from rather different types of contributions to the Lagrangian:
i) fermion mass terms
ii) couplings of any of the five physical Higgs fields to fermions
iii) couplings of fermions to sfermion mass eigenstates (which mix the left- and right-
handed fields).
For example, the first case is relevant for annihilation into fermions via t-channel sfermion
exchange if the sfermion mixing is small (otherwise, the third contribution can dominate
the amplitude), and the second for annihilation via s-channel pseudoscalar mediation.
5 We note that for v → 0 the two s-channel ISR diagrams are actually identical, but for clarity we still
include them separately in figures 2 and 3. For v → 0 and mF → 0, also the two t-channel ISR diagrams are
identical; in practice, the difference only matters for final states containing top and bottom quarks. As an
important cross-check of our final amplitudes, we confirmed analytically that these identities indeed hold.
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We note that all three interaction types couple left- and right-handed states and hence
can ‘flip’ the helicity of one of the final state fermions. The helicity combinations that
would result in a chirally symmetric theory, f¯R,LfR,L, can thus be transformed into those
compatible with the global symmetry requirements outlined in Section 2.1, f¯R,LfL,R. Tra-
ditionally, the notion of this helicity flip is sometimes taken to refer specifically to the case
(i), in which it is the (kinematic) fermion mass that breaks chiral symmetry in the La-
grangian. Instead, we associate the effect directly with the Yukawa couplings in the MSSM
Lagrangian (which of course give rise to the SM fermion masses).
3.2.2 Isospin Suppression
As also discussed in Section 2.1, the annihilation process χχ → f¯f furthermore violates
weak isospin, ∆I 6= 0, and therefore its amplitude has to vanish in the gauge restoration
limit vEW → 0. The resulting isospin suppression by a factor δv ≡ vEW /mχ, for heavy
neutralinos, can arise from different terms in the Lagrangian of the broken theory:
a) fermion mass terms
b) mixing of different gauge multiplets (Bino, Higgsino, Wino) that contribute to the
lightest neutralino mass eigenstate given by Eq. (3.1)
c) mixing of left- and right-handed sfermion eigenstates.
The structure of the neutralino mass matrix (3.2) indeed confirms that neutralino mixings
vanish for vEW → 0, as required by SU(2)L invariance. Note that case (a) and (c) are
intrinsically linked to an accompanying chirality violation, since mf ∝ yfvEW and the off-
diagonal terms in the sfermion mass matrix are also proportional to yf within the MSSM.
Let us consider as an illustration the t- and s-channel contributions to χχ → f¯f . The
kinematical helicity suppression due to the fermion mass mf is relevant for the t-channel
(sfermion exchange). In this case Yukawa and isospin suppression simply arise from the two
factors inmf ∝ yfvEW (case (a) and (i), respectively). In addition, the Yukawa and isospin
violation can be due to the sfermion mixing (case (c) and (iii)). Indeed, due to the mixing,
a given sfermion mass eigenstate can couple to both left- and right-handed fermions, which
then gives rise to the required chirality flip.
For s-channel annihilation, on the other hand, the situation is more interesting in
the sense that Yukawa and isospin suppression cannot simply be traced back to the same
origin. For a pseudoscalar Higgs boson A as mediator, e.g., the Yukawa suppression stems
directly from the Yukawa coupling ∝ yfAf¯f (case (ii)), while the isospin suppression arises
from the neutralino mixing (case b): for pure gauge multiplets the coupling Aχ¯χ would be
forbidden by SU(2)L invariance, and therefore vanishes for vEW → 0. For a Z-boson in the
s-channel, the discussion of the limit vEW → 0 is a bit more involved (see Appendix A.3),
but is essentially analogous to the case of an A mediator.
3.3 Yukawa and isospin suppression lifting
In Section 2.2, we discussed which 3-body final states χχ → BF¯f can potentially lift the
Yukawa- and/or isospin suppression of the process χχ → f¯f , for the case in which B is
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ZT WT ZL/A WL/H
± h/H
F¯RfL or F¯LfR
yfvEW yfvEW yf yf yf
no enhancement no enhancement t/u, s t/u, s t/u, s
F¯LfL
1 1 vEW vEW vEW
t/u(B˜,W˜ ), s(H˜) t/u(B˜,W˜ ), s(H˜,W˜ ) − t/u t/u, s
F¯RfR
1 1 vEW vEW vEW
t/u(B˜), s(H˜) − − − t/u, s
Table 2. As Table 1, but applied to weak gauge and Higgs boson final states within the MSSM.
We also indicated whether the process can be realized with the maximal enhancement allowed
by chiral and isospin symmetry in t + u and s-channel annihilation processes, respectively. For
the first two columns we also specify for which neutralino composition (B˜ = bino-like, W˜=wino-
like, H˜=Higgsino-like) the maximal enhancement occurs. For the last three columns t+ u-channel
processes are possible for B˜- or W˜ -like neutralino as well as mixed H˜/B˜ or H˜/W˜ , and s-channel
processes are possible for mixed H˜/B˜ or H˜/W˜ . Entries with a dash do not contribute to the order
we are working in (see Appendices A.2 and A.3 for details).
a SM gauge boson or a Higgs boson. This general discussion based on isospin and chiral
symmetry in the limit vEW → 0 can be extended to the MSSM, as shown in Table 2, by
noting that all physical Higgs bosons h,H,A,H± have isospin I = 1/2. Compared to Table
1, the amplitudes for Af¯f scale as expected in the same way as ZLf¯f , noting that in the
gauge restoration limit ZL is given by the Goldstone boson G0 (and hence transforms in a
similar way as the pseudoscalar A). Similar arguments apply to the other Higgs bosons.
In Appendix A.2, we consider the full analytic expressions for six different mass hi-
erarchies of particular phenomenological interest and determine for each of the previously
discussed gauge-invariant subsets of diagrams the leading order in vEW and yf . The result
of this exercise is collected in Tables 9 – 11, where we present the ratio of the leading term
for the 3-body amplitude and the corresponding 2-body amplitude. This allows us, as also
indicated in Table 2, to identify which contributions to the 3-body amplitudes actually
realize the suppression lifting that we can maximally expect on the basis of our general
symmetry arguments; the ‘missing’ cases, for which we did not find a contribution within
the MSSM, are marked by a ‘-’. For a detailed technical discussion of the various lifting
mechanisms, and how they are realized at the level of individual diagrams, we refer to
Appendix A.3. We provide a graphical summary in Table 3, where we show representative
diagrams that realize the lifting of isospin and/or Yukawa suppression, for the sets of gauge
invariant classes of diagrams that can be discriminated in the gauge restoration limit (in
addition to the three sets discussed before, the t-channel can be split into contributions that
remain non-zero in the limit of pure neutralino states (I), and those that require neutralino
mixing (II)). Isospin suppression can be lifted in all cases by the emission of longitudi-
nal gauge bosons (here represented by the Goldstone bosons) or a Higgs boson. Lifting
of Yukawa suppression, as well as lifting of both suppression factors, is more restricted.
This can be traced back to basic properties of the unbroken MSSM Lagrangian and the
conservation of JCP = 0− (see Appendix A.3 for details), explaining the ‘missing’ entries
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2→ 2 2→ 3
ZT , WT ZL, WL, h
F¯LfL, F¯RfR F¯LfR, F¯RfL F¯LfL, F¯RfR
t-channel I
χ˜01
χ˜01
f
f¯
f˜
g
g
Yfv
χ˜01
χ˜01
f
f¯
f˜
g
g
Yfv
WT , ZT
f
F¯
χ˜01
χ˜01
f˜
χ˜01
χ˜01 F¯
f
WT , ZT
f˜
WT , ZT
χ˜01
χ˜01
f
F¯
f˜
f˜
g
g
g
g
g
g
g
g
g
G0, G±, h
f
F¯
χ˜01
χ˜01
f˜
G0, G±, h
χ˜01
χ˜01
f
F¯
f˜
f˜
g
g
Yf
g
g
Yf
G±, h
χ˜01
χ˜01
f
F¯
f˜
f˜
g
g
g2v
t-channel II
χ˜01
χ˜01
f
f¯
f˜
g
Yf
gv
χ˜01
χ˜01 F¯
f
G0, G±, h
f˜
g
g
Yf
χ˜01
χ˜01 f¯
f
h
f˜
g
g
g
gv
s-channel EW
χ˜01
χ˜01 f¯
f
G0g Yf
gv
WT , ZT
χ˜01
χ˜01
f
F¯
g
g
g
G0, G±, h
χ˜01
χ˜01
h,G±, G0
f
F¯
g
g
Yf
f¯
h
χ˜01
χ˜01
f
G0
g
g
g
gv
s-channel MA
χ˜01
χ˜01 f¯
f
A0g Yf
gv
G0, G±, h
χ˜01
χ˜01
H0, H±, A0
f
F¯
g
g
Yf
Lifting of Yukawa + Isospin Isospin Yukawa
Table 3. Diagrams for annihilation into fermions f¯f and BF¯f (for B = W,Z, h) in the gauge
restoration limit vEW → 0. The rows correspond to the four gauge-invariant subsets of diagrams
that can be discriminated in this limit (see Appendix A.3 for details). The first column corresponds
to the 2-body process, and the other columns show various 3-body processes. The diagrams shown
in the second column lift both Yukawa and isospin suppression. The diagrams in the third column
lift only isospin suppression, and in the fourth column only Yukawa suppression. We show only
one representative diagram for each topology (ISR/FSR/VIB) and suppression mechanism. The
coupling factors attached to vertices and mass/mixing insertions give the scaling with yf , vEW and
g of each diagram (for Bino- or Wino-like neutralinos; modifications for Higgsino-like neutralinos
are described in Appendix A.3). Note that contributions with WT emitted via ISR (second column,
first and third row) exist for Wino- or Higgsino-like neutralinos; those with ZT emitted via ISR
occur only for a Higgsino-like neutralino.
in Table 2. Let us also highlight that the classification procedure revealed ways to lift the
2-body suppression that have not been pointed out for the MSSM before (in particular
Higgsstrahlung via t-channel ISR and a specific s-channel VIB process, shown in the last
column and second/third row in Table 3, respectively).
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3.4 Heavy propagator suppression
An additional form of suppression, unrelated to the discussion so far, arises in diagrams that
rely on mixing between neutralinos or contain heavy propagators. This mass suppression
takes the form δX ≡ mχ/MX, where X is the heavy state in question. In particular, both
s-channel contributions to χχ→ f¯f and a subset of t-channel contributions – those of type
(II), see Appendix A.2 – rely on mixing the Bino/Wino with the Higgsino. For example,
for a Bino- or Wino-like neutralino, the 2-body amplitude in the s-channel is suppressed by
a factor δµ2 = m2χ/µ2 if |µ|  mχ. For a Higgsino-like neutralino, on the other hand, it is
suppressed by δMi = mχ/Mi for Mi  mχ, where Mi = min(M1,M2) (see Table 12).
These suppression factors of the s-channel annihilation can be lifted for the case of a
Wino- or Higgsino-like neutralino by the emission of a (transverse) W or Z from one of
the initial neutralino lines (ISR). (The corresponding diagram is illustrated in the third
row, second column of Table 3.) Additionally, this 3-body process simultaneously lifts both
isospin- and Yukawa suppression. It is particularly relevant if the 2-body final states WW
and ZZ are kinematically forbidden, such that the internal gauge boson is off-shell. This
is a special case of the threshold effects that we turn to next.
3.5 Threshold effects
A given 2-body channel χχ → AB is strongly phase-space suppressed if the CMS energy
is close to the mass of the final-state particles, and for 2mχ ≤ mA +mB the corresponding
partial cross section vanishes completely in the v → 0 limit. If either A or B are off-
shell and decay into much lighter states, however, the phase-space opens up again and
thereby potentially increases even the total 2-body annihilation rate significantly. For the
MSSM, this is particularly relevant for the W+W− and t¯t channels, which has previously
been studied for specific neutralino compositions [46, 47] (for an approximate numerical
implementation in the context of relic density calculations, see [48]). For the processes we
are interested in here, threshold effects can in general appear for any two-boson final states
(or t¯t).
For a more detailed discussion of this effect, it is useful to rewrite the 3-body cross
section as (see e.g. [49, 50])
σv2→3 =
S
4Eχ1Eχ2
∫
|M2→3|2 dΦ3(P ; p1, p2, p3)
=
S
4Eχ1Eχ2
∫
|M2→3|2 dΦ2(P ; p1, q)× dq
2
2pi
× dΦ2(q; p2, p3) , (3.4)
where dΦn(P ; p1, . . . , pn) = (2pi)4δ(4)(P −
∑
pi)
∏
i
d3pi
(2pi)32Ei
is the n-body phase space ele-
ment, P = pχ1 +pχ2 the sum of the 4-momenta of the annihilating neutralinos and Eχi their
energy; the pi denote the final-state momenta. Since q2 = (p2 + p3)2 is time-like, we will in
the following often use the notation q2 ≡ m223 instead. For the processes considered here,
c.f. Eq. (3.3), the symmetry factor S is always 1.6 Furthermore, |M|2 denotes the usual
squared matrix element, averaged over initial spins and summed over final spins/helicities.
6 In general, if some of the final state particles are of identical type, configurations that differ only by
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We now assume that the amplitude is dominated by a resonant, almost on-shell internal
propagator that decays into particles 2 and 3, and hence carries momentum q. For a
resonance R with mass M , width Γ, and spin 1, 1/2, or 0, respectively, we then have
M2→3 = 1
m223 −M2 + iMΓ
×

M(q)µ2→2(−gµν + qµqν/M2)M(q) ν1→2 vector
M(q)2→2(/q +M)M(q)1→2 fermion
M2→2M1→2 scalar
(3.5)
whereM2→2 (M1→2) is the matrix element for χχ→ p1q (R∗ → p2p3), up to polarization
vectors or spinors for the ‘external’ particle R (as indicated by the superscript q).
The decisive observation is now that
∫ |M1→2|2 dΦ2(q; p2, p3) must be independent of
the polarization state of R once all the final state polarizations are summed over. This is
familiar from on-shell momenta q – the total (but not differential) decay rate of a particle is
independent of its polarization state – but holds more generally for time-like initial momenta
q [50]. As long as the full phase-space integral is performed (see Section 4.2 for how to treat
differential cross sections), one may thus conveniently replace the correlated polarization or
spin structure of Eq. (3.5) with an unpolarized sum:∣∣∣M(q)µ2→2(−gµν + qµqν/M2)M(q) ν1→2∣∣∣2 = ∣∣∣∑
λ
M(q)µ2→2∗λµ λνM(q) ν1→2
∣∣∣2
→ 1
3
∑
λ1,λ2
∣∣∣M(q)µ2→2∗λ1µ ∣∣∣2 ∣∣∣λ2ν M(q) ν1→2∣∣∣2 , (3.6)
∣∣∣M(q)2→2(/q +M)M(q)1→2∣∣∣2 = ∣∣∣∑
s
M(q)2→2usu¯sM(q)1→2
∣∣∣2
→ 1
2
∑
s1,s2
|M(q)2→2us1 |2|u¯s2M(q)1→2|2 , (3.7)
In this way, we can independently of the spin of R replace
|M2→3|2 → |M2→2|
2 |M1→2|2
(m223 −M2)2 +M2Γ2
(3.8)
in Eq. (3.4) which, for v → 0, leads to
σvres2→3 = S
∫ (2mχ−m1)2
(m2+m3)2
dm223
pi
m23
(m223 −M2)2 +M2Γ2
Γ˜R→23 σ˜vχχ→1R . (3.9)
Here, the decay rate of the off-shell resonance in the frame where q = (m23,0) is given by
Γ˜R→23 ≡ S23
2m23
∫
|M1→2|2dΦ2(q; p2, p3) = S23
16pi
λ
1
2 (m223,m
2
2,m
2
3)
m323
|M1→2|2 , (3.10)
exchanging these particles should be counted only once in the phase space integration. Since this will be
convenient later on, we thus use a convention where one integrates over all of the phase space as if all
particles were distinct, and then correct for the corresponding over-counting by a symmetry factor S. It is
S = 1 if all final-state particles are distinct, and S = 1/2 (S = 1/6) if two (all three) of them are identical.
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and the cross section for the annihilation into an off-shell resonance is given by
σ˜vχχ→1R ≡ S1R
P 2
∫
|M2→2|2dΦ2(P ; p1, q) = S1R
128pi
λ
1
2 (4m2χ,m
2
1,m
2
23)
m4χ
|M2→2|2 . (3.11)
In the last step we performed the phase-space integral explicitly by using the fact that for
v → 0 the annihilation process is kinematically the same as a pseudo-scalar decay, implying
that |M|2 cannot have any angular dependence.7 Eq. (3.9) will thus continue to hold for
general s-wave annihilation, provided one replaces 4mχ → s in Eq. (3.11). The squared
matrix elements are here again summed (averaged) over final (initial) spins/helicities, lead-
ing to an overall symmetry factor of S = S/(S1RS23) (with S1R, S23 defined in accordance
with footnote 6).
We note that Eq. (3.9) can be significantly simplified by a few well-motivated assump-
tions. Concretely, let us assume the off-shell particle to decay to massless final states, m2 =
m3 = 0, and |M1→2|2 ∝M2 close to the threshold; this implies Γ˜R→23 = (m23/M)ΓR→23.
We also introduce a reduced cross section
(σv)red ≡ (σv)χχ→1R/λn+1/2(1, µ1, µR) , (3.13)
with µR ≡ m223/s and µ1 ≡ m21/s, allowing for the 2-body cross section close to threshold
to be suppressed not only by a phase-space factor (n = 0), but by an additional such factor
from the matrix element itself (as e.g. in the example of Higgsino annihilation below, for
which we have n = 1). By definition, (σv)red thus remains finite both above and below
the threshold. Assuming (σv)red to be independent of m23 close to threshold, Eq. (3.9)
simplifies to
σvχχ→1R∗ ' S(σv)red
∫ µmax
0
dµ
pi
γµ
(µ− 1)2 + γ2λ
n+1/2(1, µ1, µµR) , (3.14)
where µmax = (
√
s−m1)2/m2R and γ ≡ ΓR/M . This expression is model-independent in
the sense that the threshold correction can be directly estimated for any given 2-body cross
section (i.e. without first having to compute σ˜v or Γ˜).
As an illustrative and concrete example, let us consider the process χχ→ W−e+νe in
the limit of pure Higgsino DM. For simplicity, we assume that sleptons are much heavier
than the neutralino, such that the only contributing diagrams are of the V = W− ISR type,
with a virtual Higgsino-like chargino and a resonance R = W+∗. In this limit, we find
σ˜vχχ→WW ∗ =
g4
512pi
(
16m4χ − 8m2χ(m2W +m223) + (m2W −m223)2
) 3
2(
2m2χ + 2m
2
χ˜+
−m2W −m223
)2 (3.15)
7 For this reason, the result takes the same form as for off-shell decays [51, 52], suggesting a straight-
forward generalization to 4-body final states dominated by the annihilation into two off-shell particles:
σvres2→4 = S
∫
dm212
pi
dm234
pi
m12
(m212 −M2R1)2 +M2R1Γ2R1
m23
(m223 −M2R2)2 +M2R2Γ2R2
Γ˜R1→12 Γ˜R2→34 σ˜vχχ→R1R2 .
(3.12)
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Figure 5. Cross section for pure Higgsinos annihilating to W bosons, χχ→W+W−, compared to
χχ→W−e+ν. For the latter process, we show the cross section divided by the branching fraction
ΓW→eν/ΓW ' 1/9 (solid lines). For comparison, we also include the model-independent estimate
of Eq. (3.14) for χχ→W−(W+)∗ (dotted lines). For mχ . mW , the 3-body cross section is clearly
larger than the lowest-order result; above the threshold, on the other hand, the two agree exactly.
and
Γ˜W ∗→eν =
g2m23
48pi
=
m23
mW
ΓW→eν . (3.16)
We calculate the full 3-body cross section as derived in Appendix A.1, in the pure Higgsino
limit, and then compare it to the result given in Eq. (3.9). As shown in Fig. 5, we obtain
excellent agreement even though both the directly involved amplitudes and the numerical
phase-space integrations are very different in nature (the two results for the 3-body cross
section, shown as solid lines, lie exactly on top of each other). This should of course be
expected for a process which by construction only receives contributions from an off-shell
final-state particle, but we stress that Eq. (3.9) is in general much simpler to calculate
in praxis for such cases. For comparison, we also indicate (with dotted lines) the model-
independent result given in Eq. (3.14); as one can see, even this simplified expression
provides an excellent approximation to the full result.
Most importantly, our example illustrates the much more general point that a 3-body
process around or below the kinematic threshold of a large 2-body process can be signifi-
cantly enhanced over the total annihilation rate at lowest order. Above the threshold and
rescaled to the relevant branching ratio for the decay of the resonance R, on the other hand,
the 3-body cross section for a process χχ → 1R,R → 23 equals almost exactly the 2-body
result – an effect which we will discuss in detail in the next Section.
4 Double counting issues
We now turn to double counting issues related to unstable final-state particles. If the final
state of a 2-body annihilation process undergoes a subsequent 1 → 2 decay, in particular,
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this can also be viewed as a 3-body process with the unstable particle (the resonance, in our
wording) as an intermediate state. While we discussed the situation below the kinematic
threshold for the production of the unstable particle in Section 3.5 as a way of enhancing
the total cross section, we are here interested in the kinematic region above the threshold.
As before, this is relevant for all massive diboson as well as t¯t final states considered here.
One possibility to avoid over-counting identical kinematic configurations when adding 2-
body and 3-body processes would be to altogether disregard the former for massive diboson
or t¯t final states. Interferences between (nearly) on- and off-shell contributions to the
amplitude would then be correctly accounted for, as well as the impact of the spin of
the resonance. However, this procedure has several drawbacks on a practical level, and
furthermore turns out to be incorrect for 2-body processes with identical particles in the
final state (such as e.g. χχ→ ZZ), as will be discussed in more detail below. We therefore
prefer to explicitly subtract on-shell contributions to the 3-body processes, which allows us
to keep most of the advantages of the full 3-body computation while correctly taking into
account all symmetry factors. In the following we describe this procedure in more detail
for both the total cross section and the differential yield of e.g. gamma rays.
4.1 Narrow width approximation and total cross section
For 3-body processes dominated by an on- or off-shell resonance, the total cross section can
be written as in Eq. (3.9). If the intermediate particle corresponds to a nearly on-shell
resonance with ΓM , furthermore, the Breit-Wigner propagator can be approximated as
1
(m223 −M2)2 +M2Γ2
→ pi
MΓ
δ(m223 −M2) . (4.1)
This narrow-width approximation (NWA) yields the on-shell contribution of the resonance
R, and we denote the corresponding, approximated cross section by σvNWA. Strictly speak-
ing, for the approximation to work well, the kinematic boundaries have to be sufficiently far
away from the pole, |m223−M2| MΓ, and all contributions from the matrix element and
phase-space factors apart from the Breit-Wigner propagator should be smooth functions of
m223 in the vicinity of the pole, which we assume in the following. With this replacement
in Eq. (3.9), we immediately recover the well-known result
σvNWA2→3 = S × σvχχ→1,R ×BRR→23 , (4.2)
where BRR→23 = ΓR→23/Γ is the branching ratio for the resonance R to decay into particles
2 and 3, ΓR→23 = S1→2/(2M)
∫
dΦ2|Md|2 is the partial decay width, and σvχχ→1R =
S2→2/P 2
∫
dΦ2|Mp|2 is the 2-body cross section.
In general, more than one resonance can contribute to a given 3-body process, and one
has to sum over all those contributions (in principle there can be interference effects for
overlapping resonances with |M1−M2| . Γ1 +Γ2; we will assume this is not the case). The
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narrow-width limit for the processes in Eq. (3.3) is thus given by
σvNWAW+fF¯ = σvWWBR(W → fF¯ ) + σvW+H−BR(H− → fF¯ ) (4.3)
σvNWAW+bt¯ = σvW+H−BR(H
− → bt¯) + σvtt¯BR(t→W+b) (4.4)
σvNWAZff¯ = 2σvZZBR(Z → ff¯) + σvZHBR(H → ff¯)
+σvZhBR(h→ ff¯) (4.5)
σvNWAH+fF¯ = σvW−H+BR(W → fF¯ ) (4.6)
σvNWAAff¯ = σvAhBR(h→ ff¯) + σvAHBR(H → ff¯) (4.7)
σvNWAHff¯ = σvAHBR(A→ ff¯) + σvZHBR(Z → ff¯) (4.8)
σvNWAhff¯ = σvAhBR(A→ ff¯) + σvZhBR(Z → ff¯) , (4.9)
where f denotes any SM fermion, and F its SU(2)L doublet partner. The branching frac-
tions BR are given by the tree-level decay widths, divided by the total width appearing in
the corresponding Breit-Wigner propagators. As stated in the second line, third-generation
quarks have to be treated separately because of the contribution from top decay. Note that
these results justify why the interference effects mentioned above can indeed be neglected:
those would be potentially relevant only in small regions of the MSSM parameter space,
where the charged Higgs is degenerate in mass with the W boson or the top quark (or,
instead, one of the heavy neutral Higgses close in mass to the Z boson or the SM Higgs h).
The total annihilation cross section is then given by
σv = σv2→2 + σv2→3 − σvNWA2→3 , (4.10)
where each term corresponds to the sum over all possible 2- and 3-body final states, re-
spectively.8 In the following, we refer to the difference σvsub2→3 ≡ σv2→3 − σvNWA2→3 as the
(NWA-subtracted) contribution from 3-body final states, with a similar definition for in-
dividual 3-body final states. We note that σvsub2→3 can be negative (although σv > 0, of
course). To match our conventions for the computation of 3-body cross sections, the 2-
body cross sections appearing above should be evaluated in s-wave approximation. Finally,
we stress that, even when summing over all possible 3-body final states, σvNWA2→3 is not
equal to the sum over 2-body cross sections with diboson and tt¯ final states, as one may
have naively expected. This is partially because the Higgs resonances can also decay into
pairs of bosons, and partially due to a mismatch in the combinatorial factors, which can be
traced back to ambiguities in the narrow-width limit. For example, for χχ→ ZZ∗ → Zff¯ ,
8We neglect loop corrections to σv2→2 because only 3-body final states can lift the m2f/m
2
χ suppression.
For very heavy neutralinos, however, enhancements ∝ α
pi
ln2(m2W /m
2
χ) from both soft/collinear IB and one-
loop corrections to σv2→2 can become sizeable. For EW corrections these logarithmic terms will in general
give a non-zero contribution, unless the initial state is a singlet under SU(2)L × U(1)Y , such as for a pure
Bino [53, 54] (the latter also applies to U(1) and SU(3) IB; see Ref. [29] for an efficient model-independent
way of taking the relevant loop contributions into account). Resummation of logarithmically enhanced
contributions has been discussed e.g. in [55–57] for pure Winos and Higgsinos. In addition, for neutralinos
with a significant Wino fraction and TeV mass, Sommerfeld enhancement can play an important role [58–
60]. A joint treatment of all these effects for the general MSSM is beyond the scope of this work, but would
be desirable in view of future indirect detection probes.
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each of the Z bosons could act as intermediate resonance, which intuitively explains the
factor S = 2 encountered in this case. These ambiguities would disappear if one were to
treat both Z bosons on equal footing, i.e. consider 4-body final states, which however is
impractical for a general MSSM computation.
4.2 Spectrum of stable particles
In general, our final state particles p will fragment and decay into potentially observable
particles P , such as gamma rays or antiprotons. For a given 3-body annihilation channel,
and a conventional normalization to the corresponding yield from the 2-body rate, the
spectrum can be written as
dNP
dEP
=
1
σvtot2→2
∑
p
∫ Emaxp
Eminp
dNp→P+...P
dEP
dσv2→3
dEp
dEp . (4.11)
Here, dNp→P+...P /dEP describes the number of stable particles P , per energy bin, that result
from the inclusive process p→ P+... of a particle p decaying in flight (with energy Ep), and
the sum has in principle to be performed over all helicity states separately (because dN/dEP
can differ for different helicities of p). Assuming CP conservation and that the decaying
particles have very narrow widths, a very useful approximation in practice consists in consid-
ering instead unpolarized cross sections and replace dNp→P+...P /dEP → 12dN p¯p→P+...P /dEP ,
where the inclusive process p¯p→ P + ... is evaluated for a CMS energy of 2Ep (see e.g. [18]).
This quantity can easily be obtained from event generators like Pythia [61] and, unlike
dNp→P+...P /dEP , has the further advantage of being manifestly color neutral.
9
The above expression depends on the differential cross section dσ/dEp, rather than the
total cross section discussed in the previous subsection, implying that we need to re-discuss
how to correctly take into account double-counting issues. Consider for example the process
χχ → H+fF¯ . We want to remove the contribution already contained in χχ → H+W−,
say in the differential cross section for the fermion f ,
(
dσvH+fF¯
dEf
)sub
=
dσvH+fF¯
dEf
−
(
dσvH+fF¯
dEf
)NWA
. (4.13)
9Note that for quark final states Eq. (4.11) is not correct beyond leading order, where partons fragment
independently, because it ignores flux tubes. In general, for a final state consisting of a (color-neutral)
boson B and a quark pair q¯q, which may have different masses, one should instead consider
σvtot2→2
dNP
dEP
=
∫ EmaxB
Emin
B
dNB→P+...P
dEP
dσv2→3
dEB
dEB +
∫ Emaxq¯
Eminq¯
∫ Emaxq
Eminq
dN q¯q→P+...P
dEP
dσv2→3
dEq¯dEq
dEq¯ dEq . (4.12)
The fragmentation function dN q¯q→P+...P /dEP that appears here can be obtained by boosting to the back-
to-back system of the quarks, defined as pbbq = −pbbq¯ , then evaluate the fragmentation function supplied by,
e.g., Pythia for a CMS energy of Ebbq +Ebbq¯ , and finally boosting back to the DM frame. As we only consider
leading order effects here, and the expected difference in dNP /dEP is anyway very small, we restrict our
numerical implementation to Eq. (4.11) also for quark final states.
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The question is, what to use for the NWA term. The simplest assumption would be to
replace the branching ratio in Eq. (4.2) by the differential spectrum, i.e.(
dσvH+fF¯
dEf
)NWA
= σvH+W−
dNW−→fF¯
dEf
(4.14)
where the last factor is the spectrum of f per decay of theW , as seen in the CMS frame and
normalized such that
∫
dEf dNW /dEf = BR(W → fF¯ ). Obviously, it is straightforward
to generalize Eqs. (4.13,4.14) to other final states, analogous to Eqs. (4.3–4.9).
Unlike for the total cross section [50], however, the replacements (3.6) for vector and
fermion resonances are in general not correct for the differential cross section. Instead, the
latter can be affected by the correlation of the helicities/spins of the resonance between
the production and decay processes, even in the limit Γ/M → 0. Fortunately, conservation
of CP and total angular momentum uniquely fixes the polarization states of the vector
resonances for the case of Majorana pair annihilation in the s-wave limit (see, e.g., [62]):
vector bosons in WW and ZZ final states are necessarily transversely polarized, and those
in H±W∓, HZ and hZ final states longitudinal (while AZ final states are not possible,
for the same reason). Therefore, spin correlations can fully be taken into account by using
the appropriate energy spectra for polarized vector bosons in Eq. (4.14), noting that the
branching fractions are in fact independent of polarization (see Appendix C for a more de-
tailed discussion). For the example above, this implies that one should use dNWL→fF¯ /dEf
instead of dNW→fF¯ /dEf ; for e.g. χχ→WW ∗ →WfF¯ , on the other hand, the correspond-
ing narrow-width contribution contains dNWT→fF¯ /dEf . For the decay of a top resonance,
χχ → t∗t¯ → W+bt¯, conservation of angular momentum and CP requires t∗ and t¯ to have
the same helicity. We note that the decay spectrum for polarized tops, dNth→W+b/dEb,
differs for the two helicities h = ±1/2, due to the parity-violating W coupling. Neverthe-
less, since both polarizations are produced with equal cross section, as a consequence of
CP conservation, the relevant contribution to the total narrow-width spectrum is given by
∑
h=±1/2
σvth t¯h
dNth→W+b
dEb
=
σvtt¯
2
(
dNt1/2→W+b
dEb
+
dNt−1/2→W+b
dEb
)
= σvtt¯
dNt→W+b
dEb
,
(4.15)
where σvtt¯/2 is the usual cross section summed over all final-state helicities. Thus, also for
top resonances, no polarization effects occur in the CP conserving MSSM.
In summary, the differential 3-body cross section to be used in Eq. (4.11) is given by(
dσv2→3
dEp
)sub
≡ dσv2→3
dEp
−
(
dσv2→3
dEp
)NWA
, (4.16)
where for fermionic final state particles (p = f, f , F, F ) we have(
dσvW+fF¯
dEp
)NWA
= σvWW
dNWT→fF¯
dEp
+ σvW+H−
dNH−→fF¯
dEp
(4.17)(
dσvZff¯
dEp
)NWA
= 2σvZZ
dNZT→ff¯
dEp
+ σvZH
dNH→ff¯
dEp
+ σvZh
dNh→ff¯
dEp
(4.18)
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(
dσvH+fF¯
dEp
)NWA
= σvW−H+
dNWL→fF¯
dEp
(4.19)(
dσvAff¯
dEp
)NWA
= σvAh
dNh→ff¯
dEp
+ σvAH
dNH→ff¯
dEp
(4.20)(
dσvHff¯
dEp
)NWA
= σvAH
dNA→ff¯
dEp
+ σvZH
dNZL→ff¯
dEp
(4.21)(
dσvhff¯
dEp
)NWA
= σvAh
dNA→ff¯
dEp
+ σvZh
dNZL→ff¯
dEp
. (4.22)
Here, the decay spectra are normalized to fermionic branching ratios, e.g.
∫
dEfdNWλ→fF¯ /dEf =
BR(W → fF¯ ). For scalars, or when neglecting correlations, these spectra are flat, e.g.
dNh→bb¯
dEb
=
BR(h→ bb¯)
Emaxb − Eminb
, (4.23)
where Emax/minb are the maximal and minimal allowed energy of the b in the decay of the
(boosted) Higgs. This is the usual box-shaped spectrum in a cascade decay. The non-trivial
spectra are in principle straight-forward to derive (see Appendix C), but not needed in our
numerical implementation (see below). For bosonic final states (p = Z,W±, h,H,H±, A),
on the other hand, there is no polarization effect and only the energy allowed by the 2-body
kinematics contributes. This implies that one has to replace
σvpX
dNX(h)→fF¯
dEp
−→ σvpXBR(X → fF¯ ) δ(Ep − Eχχ→pXp ) (4.24)
in Eqs. (4.17 – 4.22), where Eχχ→pXp = mχ +
(
m2p −m2X
)
/4mχ. Annihilation channels
involving top quarks, finally, are slightly special:(
dσvW+bt¯
dEb
)NWA
= σvW+H−
dNH−→tb¯
dEb
+ σvt¯t
dNt→W+b
dEb
(4.25)(
dσvW+bt¯
dEt¯
)NWA
= σvW+H−
dNH−→tb¯
dEt¯
+ σvt¯tBR(t→ bW ) δ(Et¯ −mχ) (4.26)(
dσvW+bt¯
dEW
)NWA
= σvt¯t
dNt→W+b
dEW
+ σvW+H−BR(H
−→ t¯b) δ(EW−Eχχ→W
+H−
W ) (4.27)
Now let us consider these NWA corrections to the energy distribution of final state
particles p in the context of Eq. (4.11), i.e. the spectrum of stable particles P . From each
of the terms on the r.h.s. of Eqs. (4.17 – 4.22), and a given channel χχ→ Y fF¯ , we pick up
a contribution of the form
σvY X
σvtot2→2
 ∑
p=f,F¯
∫
dNp→P+...P
dEP
dNX(h)→fF¯
dEp
dEp +BR(X → fF¯ ) dN
Y→P+...
P
dEP
∣∣∣∣∣
EY =E
χχ→YX
Y

= BR(χχ→ Y X)
dN
X(h)→fF¯→P+...
P
dEP
+BR(X → fF¯ )dN
Y→P+...
P
dEP

EX,Y =E
χχ→YX
X,Y
(4.28)
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→ BR(χχ→ Y X)BR(X → fF¯ )
{
dNˆ
X(h)→P+...
P
dEP
+
dNY→P+...P
dEP
}
EX,Y =E
χχ→YX
X,Y
(4.29)
= BR(χχ→ Y X)BR(X → fF¯ )dNˆ
XY→P+...
P
dEP
. (4.30)
Here, we can replace X(h) → X in the last step because, as stressed before, the helicity of
X in χχ → XY is uniquely fixed by conservation of angular momentum and CP (for Y ,
on the other hand, the helicity has been fixed that way right from the start). Furthermore,
we introduced the notation dNˆ
X(h)→P+...
P /dEP for the yield of species P considering only
fermionic decays ofX. Similarly, for computing dNˆXY→P+...P /dEP we take into account only
fermionic decays of X (while for Y all decay modes are included). Note that the second step
(→) is then only valid under the assumption that dN/dEP has the same shape for a single
decay channelX(h) → fF¯ as for the sum over all fermionic final states, which can be a rather
poor approximation for a given channel (involving, e.g., neutrinos). The total spectrum of a
given stable state particle P , however, is correctly recovered when summing Eq. (4.30) over
all possible 3-body channels involving the boson Y and a pair of fermions. Numerically, we
implement this sum for all fermionic final states for decays of X = Z,W, h,H,H±, A. For
cases where a nearly on-shell t∗ quark gives a large contribution, even the single-channel
yield is well approximated because the decay t→Wb dominates.
Let us conclude this Section with two comments regarding the correct use of final state
helicities for the determination of yields of stable particles. i) Eq. (4.11) has indeed to be
summed over all helicities of p that contribute to the cross section σ2→3; it is thus in general
not sufficient to determine only the yields dN p¯p→P+...P /dEP that are required for 2-body
processes (for which the helicities of p and p¯ are fixed by the requirement JP = 0−). ii)
The yields from the NWA subtraction, on the other hand, do result from final states with
helicities fixed by the same symmetry argument as in the 2-body case. This implies that
double counting is fully avoided in our prescription even if the yields dNXY→P+...P /dEP
are throughout approximated by using unpolarized final state particles X and Y : In that
case, the procedure described above consistently removes the double counting related to
the yields produced from decay and fragmentation of Y . For X, on the other hand, the full
3-body matrix element automatically takes into account polarization effects in the decay
X → fF¯ , while the NWA term subtracts the yield for unpolarized decays. This means that,
in this case, the NWA-subtracted 3-body contribution accounts precisely for the difference,
and correctly replaces the unpolarized by the polarized yield for the X decay after adding
two- and 3-body contributions.
5 Results for the MSSM
In order to demonstrate the impact of our results on realistic models, we work in the
framework of simplified phenomenological MSSM versions, introduced in Section 5.1, that
are however generic enough to capture the relevant phenomenology discussed in this work.
We assess in turn the consequences for the overall annihilation cross section (Section 5.2)
and yields (Section 5.3), before discussing in detail selected example spectra in Section 5.4.
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MSSM-91 µ M2 M1 MA tanβ At Ab Mq˜ M˜`
MSSM-92 µ M2 M1 MA tanβ At Ab Msf,1+2nd gen. Msf,3rd gen.
MSSM-93 µ M2 M1 MA tanβ Atb Mq˜ M˜`,1+2nd gen. M˜`,3rd gen.
MSSM-94 µ M2 M1 MA tanβ Atb Mt˜R Mt˜L/b˜L Msf, rest
Table 4. Free parameters for the four types of MSSM models considered in this work. Note that
for the last two models we assume At = Ab.
As we will see, some of the most relevant part of the parameter space involves SUSY spectra
with degenerate particle states, that are typically more difficult to test in proton collider
experiments.
5.1 Theoretical benchmark models
We introduce four phenomenological “pMSSM-9” realisations, each defined by 9 parameters
at the electroweak scale as specified below (see also Table 4):
MSSM-91 The Higgsino mass parameter µ, the Bino and Wino masses M1 and M2,
the CP -odd Higgs boson mass MA, the ratio of Higgs vacuum expectation values
tanβ, the squark and slepton mass terms Mq˜, and M˜`, and the third generation
trilinear couplings, At and Ab (note thatM1 andM2 are not constrained by the GUT
unification relation).
MSSM-92 Here, instead of distinguishing squark and slepton masses, we decouple the 3rd
sfermion generation from the 1st and 2nd unified generations.
MSSM-93 Squark and slepton mass terms are decoupled as in MSSM-91. Here, we allow
for a separate 3rd generation slepton mass, and a common slepton mass for the 1st
and 2nd generation, respectively. In this case we assume At = Ab.
MSSM-94 Adding more freedom to the squark sector, we allow here for an independent
right-handed stop (UR) mass and left-handed 3rd generation squark mass (L), while
adopting a universal sfermion mass for all other cases.
In addition, we used in all cases a fixed value of M3 = 5TeV for the gluino mass
parameter. We performed Bayesian scans over the parameter space of these models by
using MultiNest [63], which we interface to DarkSUSY to compute all relevant quantities
that enter in the likelihood evaluations. The joint likelihood that we adopt takes the form
lnLJoint = lnLΩχh2 + lnLmHiggs + lnLSUSY + lnLLUX , (5.1)
where LΩχh2 refers to the constraint on the cold DM relic abundance from cosmic microwave
background (CMB) observations; LmHiggs imposes the mass of the lightest SUSY Higgs to
agree with the Higgs boson mass; LSUSY includes constraints from sparticles searches at
colliders; and LLUX accounts for the constraints on DM-nucleon interactions from the LUX
direct detection experiment.
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Model parameters Low-mass High-mass
µ [GeV] (70, 2000) (500, 4000)
M1 [GeV] (70, 2000) (500, 4000)
M2 [GeV] (70, 2000) (500, 4000)
Mq˜,M˜` (Msf,i) [GeV] (70, 4000) (500, 4000)
At/Mt˜R , Ab/Mt˜R (−3, 3) (−3, 3)
MA [GeV] (70, 2000) (500, 4000)
tanβ (5, 40) (5, 40)
Table 5. Parameter ranges of the scans performed. The range for Msf,i applies to all combinations
of independent sfermion mass parameters for the four models.
The relic abundance is computed including co-annihilations [64, 65], using a central
value of Ωχh2 = 0.1198 [1] and a generous error of 20% to account for both experimental
and, more importantly, theoretical uncertainties in the Ωχh2 prediction. We impose the pre-
dicted mass of the lightest Higgs to match the measured Higgs mass,mh = 125.09±0.24GeV
[66]. Since we are mainly interested in suppression lifting mechanisms, rather than a de-
tailed phenomenological analysis of the MSSM parameter space, we adopt a conservative
set of further constraints to roughly indicate some of the more relevant experimental con-
straints. Apart from LEP and TeVatron constraints as implemented in DarkSUSY [39], we
impose LHC constraints on stop, sbottom, light squark and slepton masses assuming direct
production [67–77], as well as null results from direct DM detection [78].
For each model, we performed scans with two different parameter ranges: one for
low-mass neutralinos, roughly ∼ 50 – 2000 GeV, and one for high masses, ∼ 500 – 3000
GeV, adopting logarithmic priors on the parameters, except for the trilinear couplings
A. Table 5 contains the parameters and the ranges of the “low-mass” and “high-mass”
scans. We emphasise that we do not perform global scans of the MSSM in light of the
most recent results from various experiments (for this, see instead Ref. [79]), nor is it our
purpose to do so here. In particular, we note that important additional constraints can
arise from electroweakino and MSSM Higgs searches, that are however highly dependent on
the specific configuration of masses and decay channels, and therefore beyond the scope of
this work. Rather than identifying the most probable parameter regions of our pMSSM-9
models, taking into account all experimental constraints, our focus is simply to provide
a phenomenological proof of concept concerning the impact of 3-body final states on the
annihilation of DM particles and on the resulting cosmic-ray fluxes.
5.2 Total annihilation rate
In our extensive scans, we identified many MSSM models where the total annihilation cross
section is significantly enhanced by including the 3-body final states we consider here. As
an illustration, we show in Fig. 6 the ratio between the (NWA subtracted) 3-body and total
2-body cross section, in function of the neutralino mass. In the left panel, we furthermore
indicate the neutralino composition, while in the right panel we indicate the models where
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Figure 6. Left panel : Ratio between the (NWA subtracted) 3-body and total 2-body cross section
for the MSSM models defined in Section 5.1, as a function of the lightest neutralino mass mχ. Dif-
ferent neutralino compositions are indicated as “Bino” (|N11|2 > 0.8) in red, “Wino” (|N12|2 > 0.8)
in blue, “Higgsino” (|N13|2 + |N14|2 > 0.8) in cyan, and “mixed” (otherwise) in green. Right panel :
Same, but now broken down to models that are either (a) close to a threshold X = W,Z, t (with
−4 ΓX < mχ −mX < ΓX , where ΓX is the total width of X) or (b) with a degenerate sfermion
f˜ in the mass spectrum (mχ/mf˜ > 0.9) or (c) Bino-like neutralinos with Wino coannihilation
(mχ/M2 > 0.9 and |N11|2 > 0.98, without degenerate sfermions).
the neutralino is either close to a threshold or there exists an almost mass-degenerate
SUSY particle. As anticipated, models with large enhancements indeed broadly fall into
those two classes. In particular, cross section enhancements by O(10) factors are possible
for models with neutralino masses close to the kinematical threshold of producing W+W−,
ZZ and t¯t final states; on the other hand, we did not find any models where the total
cross section is significantly enhanced below the Zh threshold. For models with neutralino
masses close to the threshold for annihilation into a heavy Higgs boson and a SM particle
(ZH0, A0h,W±H∓) we identified up to ∼ 10% enhancements.
The second class of enhancement mechanisms are models with small mass splittings
between the neutralino and other SUSY particles. For neutralino masses mχ & 200GeV,
degenerate sleptons can significantly increase σv, while for even heavier neutralinos, mχ &
600GeV, this also becomes possible for degenerate squarks. A final, somewhat less expected
class of models where σv2→3 can be of at least the same size as σv2→2 are heavy Bino-like
neutralinos with almost mass-degenerate Winos. Here, the relic density is set by Wino
coannihilation, while the DM annihilation rate is highly suppressed due to either the small
neutralino mixing (for WW or ZZ final states) or helicity factors m2f/m
2
χ (for fermionic
final states). The lifting of the latter by 3-body annihilation processes is thus very relevant
in this case, even for models that do not feature degenerate sfermions.
One of the main new additions of this work is the full inclusion of final states containing
a Higgs boson. To demonstrate their impact, we show in Fig. 7 the annihilation cross section
to Hf¯f/hf¯f/Af¯f/H±f¯F as compared to the one for Zf¯f and W±f¯F final states. We
find that Higgs boson IB alone can increase the lowest-order cross section by up to a factor
– 27 –
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Figure 7. Cross section for annihilation into 3-body final states containing a gauge boson versus
that containing any of the Higgs bosons in the final state, normalized to the total 2-body cross
section. Different neutralino compositions are indicated as in Fig. 6.
of ∼ 3, but in general the relative importance of the Higgs and gauge boson channels is very
model dependent. Models where the former dominates (bottom right corner of the plot)
feature neutralino masses in the TeV range, and a stop not much heavier than the neutralino
(within a few hundred GeV). The dominant annihilation channels are then Htt,Att,H±tb,
in particular via t˜ exchange in the t/u channel, where the large Yukawa coupling to top
quarks explains why the corresponding gauge boson final states are not equally pronounced.
We note that these cases are examples where lifting of isospin suppression is more important
than lifting of Yukawa suppression (see Section 3.3).
A further class of models with large contributions of Higgs final states is character-
ized by large values of µ and tanβ, which lead to an enhancement of the Higgs coupling to
sfermions. However, this enhances also the mixing between left- and right-handed sfermions
and hence implies only a mild Yukawa suppression; nevertheless the three-body processes
can be particularly important for the antiproton yield as discussed in more detail for bench-
mark model D3 further down.
For masses below the SM thresholds, annihilation into Higgs plus top final states is
kinematically forbidden. For Binos, as clearly seen in the top left part of Fig. 7, this
can result in large IB enhancements without Higgs contribution. For neutralinos with a
significant Higgsino fraction, on the other hand, there is a correlation between gauge boson
(mostly Wf¯F ) and Higgs (mostly hf¯f) final states (top middle part of Fig. 7). These
models correspond to neutralino masses below the WW threshold, and the 3-body final
states arise dominantly from virtualW or Z boson decays,WW ∗ →Wf¯F and hZ∗ → hf¯f ,
respectively. The latter are suppressed compared to the former by the gaugino fraction,
but otherwise of comparable size, which leads to the correlation10 seen in Fig. 7.
10 Note that this also explains the observed separation: the upper left part in the figure corresponds to
threshold models, for which the Higgs contribution can be arbitrarily small in the pure Bino limit. The
middle part corresponds to models where t-channel sfermion exchange is important. In this case, there
is a hf¯f contribution even in the pure Bino limit, that arises from VIB emission of the Higgs boson, as
– 28 –
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Figure 8. Ratio of integrated yields above EX > mχ/10 from (NWA-subtracted) 3-body final
states and the 2-body result, for species X = p¯, γ, νµ, plotted against the neutralino mass mχ.
The other light lepton yields (ντ and e+) are qualitatively very similar to the νµ case. Different
neutralino compositions are indicated as in Fig. 6.
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Figure 9. Same as Fig. 8, but now showing the integrated yields, for EX > mχ/10, against the
total 2-body cross section instead of the neutralino mass.
5.3 Yield enhancement
The zero-velocity annihilation cross section is already a good indicator for the reach of
indirect detection experiments, but observationally more relevant is the resulting number
of stable particles. Astrophysical background spectra are generally rather soft, i.e. they
fall quickly with energy, such that from the point of view of indirect DM searches mostly
annihilation products with relatively large energies are relevant (with the notable exception
of CMB constraints that are mostly sensitive to the total energy deposition, see e.g. [80]).
In Figs. 8–10, we therefore consider the integrated yield of all relevant stable particles
X = p¯, γ, νµ, ντ , e+ above some threshold energy. Fig. 8, in particular, shows the ratio
of the 3-body yield to the typically considered yield expected from 2-body final states, for
EX > mχ/10, as a function of the neutralino mass and for different neutralino compositions.
discussed above. On the other hand, the gap between the pure Bino models on the very left part and the
mixed and Higgsino-like models in the top middle part is due to (large, but still limited) statistics of our
sample. The reason is that the ratio of hf¯f and W/ZF¯f cross section is extremely sensitive to the Higgsino
fraction (roughly ∝ (Z213 + Z214)3), and therefore varies very rapidly with the input parameters.
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Figure 10. Same yield ratios as in Fig. 8, but now for all species X = p¯, γ, νµ, ντ , e+ and plotted
against the ratio of cross sections. Left panel : Integrated yields above an energy threshold of
EX > mχ/10. Right panel : Integrated yields above an energy threshold of EX > mχ/2.
In Fig. 9, we show the same quantity, but now as a function of the total 2-body annihilation
rate. This immediately allows us to make the interesting observation that the yields are
most strongly enhanced for models with cross sections somewhat below the ‘thermal’ cross
section of ∼ 10−26cm3s−1; including the effect of electroweak corrections, as already pointed
out in Ref. [18], may thus turn out to be the decisive ingredient to make these models
accessible by current and near-future indirect detection experiments. We complement these
two sets of figures by Fig. 10, which demonstrates how the yield enhancement correlates
with the cross section enhancement discussed in the previous subsection. This is done both
for the yield enhancement at low energies (left) and at high energies close to the kinematic
threshold (right), in order to get a first qualitative indication of how the spectral shape is
affected. In the following, we discuss the various relevant stable particles in turn.
Antiprotons. For the bulk of the models considered here, the enhancement in the p¯ yield
scales as expected linearly with the enhancement in σv. For τ+τ− final states, how-
ever, antiproton production is not kinematically allowed. Including the τ+τ−Z and
τ±ντW∓ channels can therefore drastically enhance the p¯ yield even if the correspond-
ing enhancement of the cross section is at most moderate. This effect, clearly seen in
Fig. 10, is responsible for the largest enhancements (for Bino-like models) in the left
panel of Fig. 8. It is also reflected in the left panel of Fig. 9, which shows that the
enhancement is most pronounced for models with small 2-body annihilation rates.
Antiprotons are only produced in the fragmentation and decay of the annihilation
products, and therefore cannot obtain energies Ep¯ ∼ mχ. The additionally emitted
gauge or Higgs boson must first decay to quarks, inducing an additional step in the
p¯ production chain compared to 2-body quark final states. The largest enhancement
of the antiproton yield from 3-body final states will thus on average occur mostly at
small energies, an effect clearly seen when comparing the two panels of Fig. 10.
Photons. Compared to antiprotons, gamma-ray yields lack the “atypical” enhancement
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from τ+τ− final states. Consequently, the enhancement in the yield is generally
weaker, and more strongly correlated with the one in σv. As for antiprotons, the
spectrum is only enhanced at somewhat lower energies because the additional photons
only result from steps further down in the decay chain. Unlike for the p¯ case, on the
other hand, our improved treatment of the NWA prescription for differential rates
detailed in Section 4.2 can actually decrease the photon yield at large energies (see
Section 5.4 for example spectra). The main reason for the large difference between the
two panels of Fig. 10, however, are rather the monochromatic photon final states γZ
and γγ. While the annihilation rate into these states is loop-suppressed, they can still
dominate the differential photon yield at the highest energies.11 The models where
the photon-yield enhancement due to the inclusion of 3-body final states is largest –
which, from Fig. 8 are those close to the W threshold – thus at the same time feature
particularly large annihilation rates into γZ and γγ, too.
Leptons. Unlike photons and antiprotons, leptons can appear directly in the final states
considered here. This leads to a yield enhancement in particular at high energies,
E` & mχ/2, and with a strong correlation with the σv enhancement. Observationally,
the resulting characteristic spectral features are especially relevant for positrons [10]
in view of the excellent energy resolution of the AMS experiment [81], but also the
neutrino spectra can be striking signatures to look for [82–84] if neutralino annihilation
in the sun is sizeable (for more details, see the benchmark spectra discussed below).
As expected, e+ and νe yields are in general very similar, and the same holds for
νµ. Large yield enhancements are in particular found (i) for models below the W
threshold, dominated by χχ → W ∗W → `νW , and (ii) for TeV models with almost
degenerate sleptons and dominant 3-body rates Z`` and W`ν. Compared to the
other leptons, tau neutrinos can receive a somewhat larger yield enhancement, and
generally feature a spectrum that is less pronounced at small energies. The reason
for both effects is that the decay of the copiously produced pions, both from 2-body
final states and due to the additional final state boson, results in many low-energy 1st
and 2nd generation leptons, but hardly any 3rd generation leptons.
5.4 Indirect detection spectra
The additional final state boson may not only enhance the yields significantly, as described
above, but also change the shape of the resulting cosmic-ray spectra in a characteristic way.
The maybe most striking examples that we identified are sharp spectral features near the
kinematic endpoint of neutrino and positron spectra, resembling in fact the often discussed
cases of positron [14] and gamma-ray [13] spectra for photon VIB. In this Section, we
discuss in more detail a few example models where the spectrum of at least one type of
stable particles changes significantly once 3-body processes are taken into account.
11Note that, throughout the manuscript, we include final states that vanish at tree-level when referring
to two-body final states. This is not only the usual convention adopted in DarkSUSY, but serves to stress
our emphasis on the differences between 2-body and 3-body final states (rather than between tree-level and
next-to-leading order results).
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Bench
Type
µ
(GeV)
M2
(GeV)
M1
(TeV)
MA
(GeV) tanβ
A (Mq˜) Mq˜ (GeV) M˜` (GeV)
mark At Ab 1st/2nd 3rd 1st/2nd 3rd
D1 93 -2022 1257 1125 2841 12.4 -2.00 2.00 1715 1715 1180 1147
D2 94 3531 3458 3396 2562 22.5 1.94 1.94 3599
3665R
3599 3599
5419L
D3 93 3586 411.9 380.2 1766 11.7 -1.43 -1.43 3714 3714 485.3 470.1
T1 91 -102.0 601.7 119.8 521.1 12.5 -2.00 -1.81 1350 1350 1072 1072
T2 91 -586.4 189.0 172.6 981.4 8.66 -1.56 2.34 1733 1733 698.7 698.7
W 93 -3717 1346 1319 3160 9.01 -1.91 -1.91 2872 2872 1748 1885
H 93 3492 3976 3371 1418 9.47 1.57 1.57 3629 3629 3405 3783
Table 6. Benchmark models for which we show the resulting spectra of stable particles in Figs. 11–
14, with model parameters for the various pMSSM-9 types introduced in Section 5.1. At/b are given
in units of Mt˜R . Model D2 takes as input the right-handed stop mass (R), the left-handed third
generation squarks mass (L), and otherwise assumes a common mass scale for all other sfermion
mass terms. See Table 7 for some phenomenological properties, and main text for more details.
Bench mχ
χ˜0
mq˜ (q˜) ml˜ (l˜) mχ˜i σv3b
σv2b
σv3b,h
σv3b,W/Z
N3b,X
N2b,X
X
mark [GeV] [GeV] [GeV] [GeV]
D1 1125 B˜ 1551 (t˜1) 1129 (τ˜1) 1254 0.58 0.12 61 νµ
D2 3396 B˜ 3478 (b˜1) 3397 (τ˜1) 3458 2.7 0.64 8.9 ντ
D3 380.1 B˜ 3585.5 (t˜1) 385.3 (τ˜1) 411.4 0.17 0.52 80 p¯
T1 80.34 B˜/W˜ 1176 (t˜1) 1070 (ν˜e) 113.1 25 < 10−3 43 e+
T2 172.4 B˜ 1604 (t˜1) 693.7 (τ˜1 ) 188.8 3.0 < 10−3 2.8 ντ
W 1319 B˜ 2720 (t˜1) 1746 (ν˜e) 1345 0.39 0.12 26 νµ
H 3371 B˜ 3404 (b˜1) 3400 (µ˜1) 3976 3.1 4.9 2.8 ντ
Bench
2→ 2 2→ 3
mark
D1 gg (48%) bb (42%) Wν` (37%) Z`` (33%) Zνν (9%) Wtb (5%)
D2 HW/Z, hA (54%) gg (25%) Wν` (30%) h`` (17%) Z`` (16%) Htb (10%)
D3 ττ (99%) γγ (0.3%) Wν` (42%) h`` (37%) Z`` (20%)
T1 cc (37%) gg (31%) WQq (63%) Wν` (33%) Zqq (2.6%)
T2 WW (59%) gg (21%) Wtb (99%)
W gg (56%) bb (28%) Wν` (31%) Z`` (28%) Wtb (14%) Zνν (7.5%)
H HW/Z, hA (62%) gg (25%) Htb (42%) Htt (19%) Att (17%) Wtb (6.8%)
Table 7. Characteristic properties of the benchmark models defined in Table 6. The upper table
shows neutralino mass and composition (B˜ = Bino-like, B˜/W˜ = mixed Bino/Wino), identity and
mass of the lightest squark and slepton, next-to lightest neutralino, ratio of 3-body to 2-body cross
section, ratio of 3-body cross sections involving Higgs bosons to that involving weak gauge bosons,
and the ratio of 3-body to 2-body yields for various species X (integrated above EX > mχ/10 for
D3, T1, T2 and above EX > mχ/2 for D1, D2, W, H). The lower table shows the dominant two-
and 3-body annihilation channels (for leptonic channels we sum over all three generations, while
for quarks we quote separately the final states involving top quarks).
For this purpose, we define seven pMSSM-9 benchmark models in Table 6, and collect
in Table 7 the phenomenological properties that are most relevant for our discussion. In
particular, we include two threshold models, T1 and T2, with neutralino masses just below
the W and t mass, respectively. Three of the benchmark models, D1 to D3, show a mass
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spectrum where at least one of the sfermions is degenerate in mass with the neutralino,
while model W describes a TeV-scale Bino DM candidate where the correct relic density
is obtained due to coannihilations with an almost degenerate Wino. Model H, finally, is
a model example with a particularly large rate to 3-body final states containing a Higgs
boson.
Degenerate mass spectra. Models with all sleptons degenerate in mass with the neu-
tralino show a significant overall enhancement of the yield in leptonic channels,
` = e±, νµ, ντ , caused by sharp spectral features at the kinematic end-point of those
spectra. In full analogy to the positron spectrum from VIB e+e−γ final states [14],
the annihilation in these models is dominated by t-channel diagrams with ` appear-
ing directly in the final state (and additionally in the decay of the W or Z boson
in the three-body final state); these diagrams lift the helicity suppression, and are
maximized when the corresponding sleptons are degenerate with the neutralino. As
an example of this type of models, we show in Fig. 11 the spectrum of benchmark D1.
For leptonic final states (left panel) we can clearly see these sharp spectral features,
leading to a yield enhancement as large as O(100) at high energies for all leptons.
SU(2) corrections thus further enhance the e+ feature associated to photon IB, in-
dicated separately with dotted lines, which the AMS experiment is highly sensitive
to [10]. In addition, similar features appear also in neutrino final states, giving rise
to a potential smoking-gun signature for annihilating Majorana DM at neutrino tele-
scopes [82, 83, 85].12 In the right panel of Fig. 11, we show instead the impact of
radiative corrections on the gamma-ray and antiproton spectra. The impact of pho-
ton IB on the former is as expected large [13], while SU(2) corrections lead to much
less significant, though still noticeable, spectral distortions. The antiproton spectrum
only receives an overall enhancement directly related to the total σv enhancement.
If, on the other hand, only squarks are degenerate, then the lepton spectrum does
not show any significant distortion but just an overall enhancement proportional to
the one in σv, while the photon spectrum again hardens slightly. In the left panel
of Fig. 12 we show for illustration the case of benchmark model D2, which features
both degenerate squarks and sleptons and hence, as expected qualitatively very similar
spectra compared to those of D1.13
The spectra of benchmark model D3 (right panel of Fig. 12) are again qualitatively
very different and feature a significant enhancement only in the antiproton channel.
The reason, as already discussed in Section 5.3, is that the 2-body annihilation in D3
is largely dominated by ττ final states. Therefore, the 3-body final states, specifically
12 If only first and second generation sleptons were degenerate in mass with the neutralino, a corresponding
feature for ντ (but not for e± and νµ) would be absent. The (non-)detection of such features can thus in
addition be a powerful tool to robustly discriminate between such scenarios.
13 One noticeable feature is the step-like behaviour of lepton yields from 2-body annihilation (dashed
lines). This drop by more than an order of magnitude, at x & 0.85, is due the channels H±W∓, hA and
HZ which contribute about 50% to the 2-body cross section: theW/Z decays constrain the resulting lepton
energy to E` < EW/Z = mχ(1− (m2H−m2W/Z)/(4m2χ)) ∼ 0.85mχ (for mH = 2.6TeV as in D2). The 3-body
yields (solid lines) smear out the abrupt step (for νµ) or lead to a pronounced bump at x ∼ 1 (for ντ ).
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Figure 11. Spectral energy distribution of a model where all sleptons are degenerate (D1 in Table
6). In the left panel, we display leptonic final states e±, νµ, and ντ (green, blue and cyan line
respectively) and, in the right panel photon (red) and antiproton (orange) spectra. Solid lines
indicate the total (NWA-corrected 2-body plus 3-body) contribution, the dashed lines the 2-body
result. The dotted lines represent the contribution from 2-body final states plus that from photon
bremsstrahlung alone. Shaded areas thus highlight the effect of including SU(2) corrections.
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Figure 12. Same as Fig. 11, but now for models where both squarks and sleptons are degenerate
in mass with the neutralino (model D2, left panel) or with a degenerate stau that is a mixture of
τ˜L and τ˜R (model D3, right panel).
hττ and Wτν, lead to a very large enhancement of the p¯ flux – even though this only
leads to a relatively small (∼ 20%) correction in σv.14
Threshold models. In Fig. 13, we display the spectra for two models just below the W
and top quark threshold, corresponding to models T1 and T2 from Tab. 6, respectively.
Models with mχ ∼ mW show a strong enhancement in all channels and at all energies.
In particular, the 3-body contributions induce pronounced bump-like features for νµ,
ντ , e± spectra at x ∼ 0.7, which result from the decay W (∗) → `ν`. As expected from
the discussion in Section 3.5, these enhancements are most significant for mχ slightly
14 This model features a very large µ-term (∼ 3.5TeV) and tan(β) ∼ 12, leading to a large stau mixing
and hence only a mild helicity suppression for χχ → τ+τ−. Corrections to leptonic channels are thus
small in this specific case, despite an almost degenerate stau. We also note that hττ final states, via Higgs
VIB, are enhanced with respect to gauge boson IB in this type of model. The reason is that the mixing
contribution ∝ gµvEW τ˜Lτ˜R to the stau mass is directly linked to a large τ˜Lτ˜Rh coupling to the Higgs boson
(since the VEV and the Higgs field appear in the combination vEW + h in the Lagrangian).
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Figure 13. Same as figure 11, but for a W threshold model (T1, top) and a top-quark threshold
model (T2, bottom). The features in the shape of the lepton and gamma ray spectra are due to an
interplay of various effects as discussed in detail in the text.
below mW . Photon and antiproton spectra, on the other hand, are somewhat softer
than the 2-body spectra, but can be greatly enhanced at all energies.
We also find enhancements in all channels when mχ ∼ mt, and observe a peculiar
double structure in the spectrum of leptonic channels for T2: a bump-like feature at
x ∼ 0.4 and a sharp spectral feature at higher energies. The first is directly related
to the dominant off-shell top decay close to the threshold, χχ → tt¯(∗) → Wtb. The
line-like feature close to x = 1, on the other hand, arises from leptonic decays of the
transversely polarized W -bosons in the process χχ→WW¯ →W`ν`.15
For the antiproton and gamma spectra, finally, the inclusion of the 3-body result
causes relatively large deviations as the 2-body yields can both increase and decrease,
depending on the energy.16
Special cases. In Fig. 14, we show two interesting cases that do not fall in either of
15 Note that the NWA-subtracted cross section forW`ν` is much smaller than for the kinematically acces-
sible χχ → W+W−. The enhancement at x ∼ 1 originates thus exclusively from our 3-body computation
taking the (transverse) W polarization into account (see Appendix C, specifically Eq. (C.37)). This type
of correction can occur whenever mχ  mW (mZ) and χχ→W+W−, ZZ proceeds with a significant rate.
16 The peculiar shape of the gamma-ray spectrum, in particular, can be explained as follows: for low
energies x . 0.2 there is a strong enhancement from Wtb final states, while for intermediated energies
x ∼ 0.2− 0.6, the spectrum is slightly suppressed compared to the 2-body case. At high energies x & 0.6,
WWγ and ¯`` γ, i.e. photon IB final states dominate; the sharp drop around x ∼ 0.8 is due to the kinematic
endpoint of the WWγ contribution, while photons from ¯`` γ dominate for x > 0.8.
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Figure 14. Same as figure 11, but for a Bino-like neutralino with almost degenerate Wino (W,
left) and a model with large Hff¯ contribution (H, right). The features in the shape of the lepton
and gamma ray spectra are due to an interplay of various effects as discussed in detail in the text.
Left panel : Bino-like neutralino with almost degenerate Wino (benchmark model W). Final state
channels: photons (red), antiprotons (orange), positrons (green), νµ (blue), and ντ (cyan). Solid
lines indicate the total (2-body and 3-body) contribution, the dashed lines the 2-body process.
Right panel : Large Hff¯ contribution (benchmark model H).
the categories above. In the left panel, we present benchmark model W, a Bino-
like neutralino degenerate with the Wino. The (small) 2-body annihilation rate is
dominated by gg final states, followed by f¯f . The 3-body process thus lifts the
helicity suppression of the latter and can be important even if the sfermions are
not highly degenerate in mass with the neutralino. Because the contribution to the
neutrino and positron spectra still come dominantly fromWν` final states, they show
sharp spectral features like in models with even more degenerate sleptons. The right
panel of Fig. 14, instead, corresponds to a model with a large (∼ 85%) contribution to
the cross section from channels that involve the MSSM Higgs bosons and top quarks
(benchmark model H). The neutralino mass is rather heavy (∼ 3.3 TeV) such that
even tt¯ final states suffer from a certain amount of helicity suppression. Due to the
large top Yukawa coupling, the suppression is lifted preferably via Higgsstrahlung. For
this model, leptons are dominantly produced indirectly, and correspondingly lepton
spectra are enhanced broadly at all energies. The small additional spike at very high
energies results from the W/Z decay from WF¯f (10%) and Zf¯f (5%) final states.
In Fig. 15, finally, we show for a subset of our benchmark models the ratios of 3-body to
2-body yields, illustrating some of the features discussed above on a model-by-model basis
from a slightly different angle. We note in particular the strong enhancement of high-energy
lepton spectra for model H, which is explained – similar to the situation for model D2 – by
a sharp drop in the 2-body yield from W±H∓ and ZH due to the maximal lepton energy
from W/Z decays that is kinematically possible.
A widely used phenomenological approach to take into account electroweak corrections
to DM annihilation spectra, often referred to as ‘model-independent’ in the literature,
is based on splitting functions inspired by a parton picture [16, 17]. These effectively
result from assuming point-like interactions being responsible for the 2-body annihilation
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Figure 15. Ratio of 3-body to 2-body yields, for some of the benchmark models from Tab. 6.
Solid lines show the full ratios, while dashed lines indicate the contribution from photon IB alone.
Dotted lines show the result from the method implemented in the ‘Poor Particle Physicist Cookbook
for Dark Matter Indirect Detection’ (PPPC4DMID) [17]; note that the relatively small resulting
corrections are not restricted to these benchmark models but generic for neutralino annihilation.
We cut the p¯ spectrum at x ∼ 0.8 in order to avoid numerical artefacts from very small, and hence
poorly sampled, 2-body yields provided by DarkSUSY. See text for more details.
channels, such that 3-body final states are dominated by gauge (or Higgs) bosons that
are soft or collinear with the final state particle they are radiated from. In Fig. 15, we
therefore also indicate the ratios that result from this approach.17 As one can see, the
resulting changes in the yield differ at times drastically. In fact, for the pMSSM models
studied here, we find much more generally that the full annihilation spectra from final
17 Since only the SM Higgs boson is implemented in [17], we have approximated the missing yields by
replacing the heavy MSSM Higgs bosons with Goldstone bosons, i.e. longitudinal gauge boson components.
For the sake of Fig. 15 we thus implemented, e.g., hA final states as 50% hh and 50% ZLZL final states.
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states containing fermions deviate substantially from the model-independent approximation
whenever electroweak corrections induce even O(10%) changes to the 2-body rates. Also in
the case of TeV DM models, the difference between 2-body and corrected yields is much
larger than what one would expect when adopting the PPPC [17] implementation.
For neutralino annihilation, this is quite straight-forward to understand, and for this
reason we also expect these conclusions to hold in even more generic MSSM models. In
the ‘model-independent’ prescription, in particular, none of the enhancement mechanisms
described in detail in Section 3 is captured. Final states containing leptons are thus nec-
essarily still suppressed by m2`/m
2
χ, while quark and gluon final states are hardly affected
by electroweak corrections due to soft or collinear radiation [16] given the strong dynamics
leading to essentially immediate fragmentation. Furthermore, MSSM specific final states
(heavy Higgs bosons) are not included, and even for the final states that are included the
energy distribution of the final state particles can differ substantially when taking into ac-
count the full matrix element or just assuming a point-like interaction, respectively. The
latter is for example visible in the antiproton spectrum of model D3: as the 2-body anni-
hilation is dominated by τ lepton final states, the main contribution must come from the
final state boson; in the PPPC case the softer antiproton spectrum can then be traced back
to the fact that the emitted boson has a much softer spectrum.
6 Conclusions
In this article, we have studied in detail the annihilation of Majorana DM particles into
a pair of fermions and an electroweak gauge or Higgs boson in the final state. We have
revisited the arguments why the annihilation to fermionic 2-body final states is helicity
suppressed, and pointed out that this can be traced back to a combination of two funda-
mentally distinct effects, dubbed Yukawa- and isospin suppression, which can independently
be lifted if the final state boson carries isospin. Furthermore, we have consistently gener-
alized a standard way of avoiding ‘double-counting’ of contributions from two- and 3-body
final states, which consists in subtracting the latter in the narrow-width approximation, to
differential cross sections and the yield of stable particles relevant for indirect DM searches.
The latter constitutes one of our main results, which we believe will prove useful also in
other contexts.
As a concrete application, we have performed the first full analytical calculation of
all differential cross sections for the internal bremsstrahlung of electroweak gauge bosons,
as well as any MSSM Higgs boson, for fermion final states from neutralino annihilation.
We have performed a detailed analysis of these results in light of our general discussion,
recovering specific examples pointed out previously in the literature, and extending them,
but also pointing out qualitatively new processes. In order to estimate the size of the
corrections reported here, we have performed dedicated scans over the parameter space of
various MSSM realizations.
We find that both lifting of the Yukawa and lifting of the isospin suppression can
significantly increase the total neutralino annihilation rate. Even more importantly, how-
ever, the resulting spectra of positrons, neutrinos, antiprotons and gamma rays can differ
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substantially from those obtained for 2-body final states – even when including the ‘model-
independent’ electroweak corrections implemented in PPPC [17]. We stress that this is
a generic result which is not restricted to specific cases but holds whenever electroweak
corrections to fermionic channels are (at least) comparable to the 2-body results, e.g. for
TeV DM models. Given that the supersymmetric neutralino still is the prototype WIMP
DM candidate, our results thus underline the importance of performing full computations
consistent with the model that is being studied. In other words, such radiative corrections
are intrinsically highly model-dependent, and even the often adopted ‘model-independent’
approach of Ref. [17] can be argued to simply rest on one rather specific model realization
(in the sense that the underlying assumptions essentially describe a point like interaction,
which is a good approximation under roughly the same conditions under which an effective
operator analysis is valid to leading order in perturbation theory.18)
To conclude, we have shown that the way electroweak corrections to DM annihilation
are commonly estimated can lead to rather misleading results for a given DM model. The
consistently computed spectra of stable particles from DM annihilation can be much larger
or offer striking spectral features, either of which may significantly help to indirectly detect
DM in forthcoming experiments. We stress that this holds for all yields relevant for indirect
DM detection, i.e. both gamma rays, charged cosmic rays (p¯ and e+) and neutrinos. The
routines needed to compute all relevant rates and particle yields for neutralino annihilation
in the MSSM will be included in the shortly upcoming public release 6.0 of the DarkSUSY
package [40].
Acknowledgments
We thank Maria Eugenia Cabrera Catalan, Marco Cirelli, Feng Luo, Are Raklev, Roberto
Ruiz de Austri Bazan and Filippo Sala for useful discussions.
18Note that while some of the effects of helicity suppression lifting could in principle be described via
additional higher-dimensional effective operators in specific regions of parameter space [86], it turns out
that within the MSSM the part of parameter space in which this is possible typically does not coincide with
the one where the corrections are most relevant.
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A Neutralino annihilation amplitudes
In this Appendix, we review our analytical approach of calculating the matrix elements
by means of an expansion in helicity amplitudes (A.1). For illustration of our full results,
we then consider a number of phenomenologically interesting limiting cases concerning the
composition of the lightest neutralino (A.2).
A.1 Expansion of Amplitudes in the Helicity Basis
For the analytical calculation of amplitudes we closely follow the procedure of Ref. [18],
presented in detail in chapter 4 and corresponding appendices of Ref. [87]. We thus modify
the generic MSSM model file shipped with the FeynArtsmathematica package [88] such as to
agree with the conventions adopted in DarkSUSY [40, 45]. We then use FeynArts to generate
all possible Feynman diagrams for neutralino annihilation into 3-body final states containing
a fermion, an anti-fermion and a Boson. In the next step, given that we want to restrict
ourselves to the v → 0 limit, we project out the singlet state (JP = 0−) of the annihilating
neutralino pair with total momentum p by replacing the two external Majorana spinors
in the amplitude with P1S0 ≡ γ
5√
2
(mχ − /p/2). Finally, we expand the amplitude for each
diagram in terms of helicity amplitudes, applying a method used originally for neutralino
annihilation to 2-body final states [89] and extended to 3-body final states in [18, 87].
Let us review those final steps in a bit more detail. By applying the P1S0 projector, in
particular, we can reduce any of the matrix elements considered here to the generic form
M∝ u¯r(k1)Γrsvs(k2)∗µ(k3) , (A.1)
where only the final state spinors appear and Γ is a 4×4 matrix. We use Feyncalc [90] to
decompose Γ into the standard basis of matrices where the corresponding Dirac bilinears
are real and have definite transformation properties under the Lorentz group (i.e. scalar,
vector, tensor, pseudo-vector and pseudo-scalar, respectively). In order to assign helicities,
we work in the back-to-back frame of the outgoing fermion-antifermion pair, which we define
by k1 = −k2. For states of definite helicity h = ±1/2, this implies that we can use [91]
χh(kˆ1,2) = χ−h(−kˆ1,2) (A.2)
for the two-component spinors that appear in the explicit Dirac representations of both u
and v. Choosing the fermion momentum k1 to be aligned with the z-axis, we thus obtain
u+ =

η+k1
0
η−k1
0
 , u− =

0
η+k1
0
−η−k1
 , v+ =

η−k2
0
−η+k2
0
 , v− =

0
η−k2
0
η+k2
 , (A.3)
where we have introduced η±k1,2 ≡
(
k01,2 ±m1,2
)1/2. In this frame, we can furthermore choose
the momentum of the final state boson, k3, to lie in the y − z plane, spanning an angle θ
with the z-axis. For the case of a massive vector boson, the 3 possible polarization states
λ of definite helicity are thus given by
± =
1√
2
(0,∓1,−i cos θ, i sin θ) , 0 = 1
m3
(|k3| , 0, k03 sin θ, k03 cos θ) . (A.4)
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(u¯Γv)h h = (0, 0) h = (1,−1) h = (1, 0) h = (1, 1)
u¯v 0 0 p+ 0
u¯γµv 0 E+ eµ+ p− e
µ
u − E− eµ0 E+ eµ−
u¯σµνv ip+(e
µ
−e
ν
+ − eµ+eν−)
ip−(e
µ
+e
ν
0 − eµ0 eν+) iE+(eµ0 eνu − eµueν0)
ip−(e
µ
−e
ν
0 − eµ0 eν−)
+iE−(eµue
ν
+ − eµ+eνu) +iE−(eµueν− − eµ−eνu)
u¯γµγ5v p− e
µ
0 − E− eµu −p+ eµ+ 0 p+ eµ−
u¯γ5v −E+ 0 0 0
Table 8. Decomposition of basis Dirac bilinears into helicity eigenstates of the two final state
fermions. For a definition of the quantities appearing here, see Eqs. (A.9–A.11).
Singlet and triplet spin states of the two-fermion system can now be constructed from
the individual helicity states as in Eqs. (2.4, 2.5), i.e. we can decompose each bilinear as
(u¯Γv)(0,0) = (u¯+Γv+ − u¯−Γv−) /
√
2 , (A.5)
(u¯Γv)(1,−1) = u¯−Γv+ , (A.6)
(u¯Γv)(1,0) = (u¯+Γv+ + u¯−Γv−) /
√
2 , (A.7)
(u¯Γv)(1,+1) = u¯+Γv− . (A.8)
In Table 8, we show the result of this decomposition for each of the 16 basis Dirac bilinears,
where for ease of notation we have introduced the following kinematic quantities (note the
different normalization convention with respect to [87]):
E± ≡
√
2
(
η+k1η
+
k2
± η−k1η−k2
)
, (A.9)
p± ≡
√
2
(
η+k1η
−
k2
± η−k1η+k2
)
. (A.10)
Four-vectors and tensors, furthermore, are more conveniently expressed in the helicity basis,{
e˜(µ)
}
= {e˜u, e˜+, e˜−, e˜0} ≡
{
(1, 0, 0, 0) ,
(
0,
−1√
2
,
−i√
2
, 0
)
,
(
0,
1√
2
,
−i√
2
, 0
)
, (0, 0, 0, 1)
}
,
(A.11)
which is an orthonormal basis choice just like the canonical coordinate basis
{
e(µ)
}
with(
e(µ)
)ν
= δνµ. This implies, e.g., that the components of a four-vector V for these basis
choices are related by V µ = Aµν V˜ ν , where Aµν ≡ e(µ) · e˜(ν).
With the above decompositions of fermion and vector boson polarizations even the
full analytic expressions for the amplitudes turn out to be relatively easily manageable.
We evaluate the amplitude for every helicity configuration, for each diagram separately,
and simplify it further by explicitly contracting the remaining polarisation vectors (when
applicable), basis vectors and four-momenta. We then sum over all diagrams to obtain the
total helicity amplitudesM(h,λ), where h is the helicity of the fermion-antifermion pair in
the back-to-back system and λ the polarisation state of the emitted vector boson. Finally,
we obtain the total amplitude squared by averaging over initial (r, s) spins and summing
over final (r′, s′) degrees of freedom:
|M|2 ≡ 1
4
∑
r,s,r′,s′,λ
∣∣∣Mχχ→F¯ fX ∣∣∣2 ≡ 14 ∑
h,λ
∣∣∣M(h,λ)
χχ→F¯ fX
∣∣∣2 , (A.12)
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where X is either a vector boson (W/Z) or a scalar Higgs (in which case no polarisation is
present). For convenience, we then transform back to the CMS frame. This allows us to
compute the total 3-body cross section by integrating over the phase space,
d(σv2→3)
dE1dE2
=
1
16m2χ
1
(2pi)3
|M|2 , (A.13)
where E1 and E2 are the CMS energies of any two final state particles. For details concerning
the numerical implementation, we refer to Appendix B.
A.2 Results for expanded amplitudes
Let us consider our analytical results in the limit of heavy neutralino masses, which amounts
to taking the ratio of the electroweak VEV and the neutralino mass, δv ≡ vEW /mχ, and
expanding the full results for the amplitude around δv = 0. Besides allowing for compact
analytic expressions, this limit is particularly useful for deriving the scaling behaviour of
the amplitudes not only with δv ≡ vEW /mχ, but also with the Yukawa couplings yf and
the gauge coupling g. We express the results of this procedure in terms of the ratio of the
3-body to the corresponding 2-body amplitudes, the latter of which are suppressed by a
factor mf = yfvEW . If the 3-body process lifts Yukawa suppression, the amplitude ratio
will thus scale as ∝ 1/yf , and if it lifts isospin suppression it scales as ∝ 1/δv.
We therefore introduce the dimensionless ratio of the helicity amplitudes to the spin-
summed/-averaged matrix element for the corresponding 2-body process,
Rλ,h ≡ mχ M
λ,h√
|M|22→2
. (A.14)
For the total amplitude squared, the individual helicity contributions have to be summed
over, c.f. Eq. (A.12). For the sake of our discussion here, we organize this sum in a slightly
different way and split it into contributions from final state fermions with equal or opposite
chirality (rather than singlet and triplet states), as well as longitudinal and transverse
polarizations (like before). We note that, since the external fermions are massless in the limit
that we are considering here, helicity coincides with chirality and hence becomes Lorentz
invariant. In the back-to-back frame introduced in Appendix A.1, the helicity components
h = +− and h = −+ then correspond to chiralities fRf¯R or fLf¯L, respectively, and
coincide with the spin-triplet components (1,+1) and (1,−1) discussed there. The helicity
combinations h = ++ and h = −− of the fermion pair, on the other hand, correspond to
fRf¯L and fLf¯R states, respectively. The sum over these latter two contributions is then
equivalent to the sum over the singlet and the remaining triplet states, (0, 0) and (1, 0) in
the notation from above. Altogether, this yields the decomposition
∑
λ,h
∣∣∣Rλ,h∣∣∣2 = (RLLR/RL)2 + (RLLL/RR)2 + (RTLR/RL)2 + (RTLL/RR)2 , (A.15)
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where (
RLLR/RL
)2 ≡ ∑
λ=0
h=++,−−
∣∣∣Rλ,h∣∣∣2 , (RLLL/RR)2 ≡ ∑
λ=0
h=+−,−+
∣∣∣Rλ,h∣∣∣2 ,
(
RTLR/RL
)2 ≡ ∑
λ=±1
h=++,−−
∣∣∣Rλ,h∣∣∣2 , (RTLL/RR)2 ≡ ∑
λ=±1
h=+−,−+
∣∣∣Rλ,h∣∣∣2 . (A.16)
For Higgs final states, the summation over polarizations is absent, and we define the cor-
responding ratios RLR/RL and RLL/RR analogously, corresponding to hf¯RfL + hf¯LfR and
hf¯LfL + hf¯RfR final states, respectively.
We then start from our full result for the helicity amplitudes, using the explicit repre-
sentations of the generic couplings and mass matrices that appear there, and expand them
up to O(δ2v). Note that the limit δv → 0 implies in particular that we expand in the fermion
mass mf ∝ yfvEW and in gauge boson masses mW/Z ∝ gvEW . In order to simplify the re-
sulting analytic expressions, we set all sfermion masses equal to the neutralino mass, noting
that larger sfermion masses would suppress t/u-channel rates relatively strongly because
σvt−channel2→3 ∝ m−8f˜ (m
−4
f˜
) for Bino- (Higgsino/Wino-)like neutralinos, as discussed previ-
ously [31, 33, 36, 37, 92]. Furthermore, we use the notation BF¯f where for neutral bosons
(B = Z, h) the final state fermion types are identical, F¯ = f¯ , while for charged bosons
we adopt in the following the convention that f denotes the up-type fermion (e.g. the top
quark in χχ → Wb¯t). In these cases, we keep for simplicity only the dependence on the
Yukawa coupling of the up-type fermion, and set the other one to zero.
We furthermore consider six distinct scenarios describing the dominant neutralino com-
position, which result from different assumptions about the involved mass hierarchies and
which are of particular phenomenological interest:
• Higgsino DM, with small Bino admixture (µM2, M1 →∞)
• Higgsino DM, with small Wino admixture (µM1, M2 →∞)
• Bino DM, with small Wino admixture (M1 M2, µ→∞)
• Bino DM, with small Higgsino admixture (M1  µ, M2 →∞)
• Wino DM, with small Bino admixture (M2 M1, µ→∞)
• Wino DM, with small Higgsino admixture (M2  µ, M1 →∞)
From the Bino-, Wino- and Higgsino mass parameters M1, M2 and µ, we define the dimen-
sionless mass suppression factors δM1 ≡ mχ/M1, δM2 ≡ mχ/M2 and δµ ≡ mχ/µ. For all
six scenarios listed above, we expand the amplitude ratios to leading order in these mass
suppression factors. Effectively, the neutralino mixing between either Bino or Wino and
Higgsino then becomes a perturbative ‘mass insertion’ ∝ gvEW represented by the respec-
tive off-diagonal entries in the mass matrix of Eq. (3.2). Furthermore, for definiteness, we
also expand to linear order in δA ≡ mχ/MA, i.e. we work in the decoupling limit where
the heavy Higgs states are much heavier than the neutralino or SM-like Higgs boson. We
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note that it is straightforward to generalize these results, and our numerical results anyway
include all MSSM Higgs bosons and are valid for arbitrary mass hierarchies.
To lowest order in the expansion parameters defined above, isospin and fermion chirality
have to be conserved in all interaction vertices (assuming that the mass splitting between
M1, M2 and |µ| is large compared to gvEW ). One of the implications, as it turns out,
is that the gauge-invariant subset of t-channel diagrams discussed in Section 3.1 can be
further split into two separate gauge-invariant sets. The first, which we will denote by (I),
does not contain any neutralino mixing insertion ∝ gvEW , and would hence contribute even
in the limit of a pure neutralino state. The set of diagrams that contain at least one such
insertion (denoted by (II)), on the other hand, require a mixing in the neutralino sector
(just like is the case for all s-channel diagrams).
In Tables 9 – 11, we show the results of this expansion for the helicity-summed ratios
R that we have introduced in Eq. (A.16), where the different tables correspond to the
three types of final states (WF¯f , Zf¯f , and hf¯f , respectively). Each table contains the
results for all six mass hierarchy scenarios specified above, broken down to contributions
from each set of gauge-invariant diagrams.19 For the sake of the presentation, we keep
only contributions that lift the isospin- or Yukawa suppression of the corresponding 2-body
process (or both). In particular, as apparent from Table 2, the ratio RTLR/RL cannot lift
any of these suppressions, and is therefore not included in Tables 9 – 11. Furthermore,
for each of the gauge-invariant sets of diagrams, we include only those amplitude ratios
that actually do lift at least one of the suppression factors. For the remaining entries,
a ‘0’ indicates 3-body amplitudes that vanish to the order we consider, while for entries
containing a ‘−’ both 2- and 3-body amplitudes vanish20. The 2-body amplitudes, finally,
are for convenience summarized in Table 12.
19 We checked explicitly (up to O(δ2v)) that the Ward identities, Eqs. (2.7, 2.8) are satisfied for each set
separately. Note that we use Breit-Wigner widths in the amplitudes, and while they break gauge invariance
at O(δv), they do not contribute to the amplitudes as δv → 0
20 While in this case the ratio would be formally ill-defined, we only identified one example where the
2-body amplitude vanishes while the 3-body amplitude does not, marked with a (∗). We note that the
relevant process, χχ → WW ∗ → WF¯f for a Wino-like neutralino, is phenomenologically not important
because for mχ > MW it is largely captured by annihilation into WW , while Wino-like neutralinos with
mχ < MW are practically excluded.
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In order to assess the parametric enhancement of 3-body over 2-body processes, it is
sufficient to consider the amplitude ratios just presented, and we will continue with a more
detailed discussion of the various lifting mechanisms at the level of individual diagrams in
the following subsection A.3. Before doing so, let us briefly remark that the corresponding
cross section ratio for χχ→ BF¯f , normalized to the one for χχ→ f¯f , is obtained by
1
σv2→2
d(σv)2→3 =
1
4pi2
1√
1−m2f/m2χ
∑
λ,h
∣∣∣Rλ,h∣∣∣2 dx1dx2 (A.17)
where xi = Ei/mχ are the dimension-less fermion energies of the 3-body final state. Using
the results from Tables 9 – 11, one can thus obtain the contribution to this ratio from each
of the gauge-invariant subsets of diagrams separately. In the limit of massless final state
particles, the integration ranges are 0 < x1 < 1 and 1 − x1 < x2 < 1, implying that some
of these integrations become logarithmically divergent. This is an expected artefact of the
expansion in δv and, in practice, the corresponding infrared divergent contributions are cut
off by the non-zero mass of the vector boson. Throughout this work, we assume that the
resulting logarithmic enhancement O(αpi ln2(EB/
√
s)) can be treated perturbatively down
to the infrared cutoff EB ∼ mB ∼ gvEW . This imposes an upper limit on the neutralino
mass of roughly mχ  O(gvEW epi/g) ∼ O(10)TeV. If one is interested in higher masses,
it would be interesting to apply the resummation methods discussed e.g. in Refs. [55–57].
On the other hand, we stress that the logarithmic sensitivity to ln2(gδv) does not spoil the
power counting arguments related to lifting of isospin suppression factors, since the latter
is described by powers δnv of δv. In our numerical results, we fully take into account the
masses of all annihilation products.
A.3 Suppression lifting from individual diagrams
It is rather illustrative to reflect the results of the previous subsection at the level of in-
dividual diagrams. In Table 3, displayed for clarity already in the main text (see Section
3.3), we therefore organize all relevant amplitudes in a large table, with the four rows cor-
responding to the four gauge-invariant subsets. For each type of diagram, and assuming a
Bino- or Wino-like neutralino, we furthermore explicitly indicate the scaling with the gauge
coupling g, the Yukawa coupling yf , and the vev vEW (we comment on the Higgsino-like
case below). Let us start our discussion with the first column, which contains the diagrams
contributing to the 2-body process χχ → f¯f . As expected, all these amplitudes scale as
∝ g2yfvEW , but the origin differs:
t-channel I: The factor yfvEW enters either via the chirality flip of one of the final-state
fermions, or via a L/R mixing insertion of the sfermion (for brevity, we show only
one representative diagram in Table 3 for each of these cases).
t-channel II: The factor vEW enters via the gaugino/Higgsino mixing insertion on one of
the initial lines, and the Yukawa suppression enters via the Higgsino-sfermion-fermion
coupling.
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s-channel EW: The s-channel with electroweak-scale mediator corresponds to the Z-
exchange diagram mentioned earlier. In the s-wave limit, and from the perspective of
the unbroken theory, this diagram is represented by the exchange of the pseudoscalar
Goldstone boson G0. The factor vEW arises from the gaugino/Higgsino mixing, and
the Yukawa coupling from the Yukawa interaction G0f¯f .
s-channel MA: This case is similar to the previous one, except that the mediator is re-
placed by the (physical) heavy pseudoscalar Higgs A.
Let us now turn our discussion to the remaining columns of Table 3, which contain
all relevant 3-body processes. Here, the second column shows representative Feynman
diagrams that lead to a lifting of both isospin and Yukawa suppression, while the third and
fourth column show diagrams that lift only one of them, respectively:
Lifting of Yukawa and isospin suppression: Both suppression factors can be lifted only
for two of the gauge-invariant sets of diagrams (t-I and s-EW). In the former case,
a transverse ZT or WT is emitted from either fermion line in the final state, from
the sfermion line, or from the initial lines (this last case cannot occur in the Bino-like
case). We remark that FSR can only lift the helicity suppression if the virtual fermion
is strongly off-shell, i.e. not for soft and collinear photons (which are sometimes de-
fined as FSR, see footnote 4). In the s-channel case, the diagrams can be thought of
as an annihilation χχ → WW ∗, with subsequent decay of W ∗ (see Section 3.5 for a
discussion of such off-shell internal states). It is impossible to lift both suppression
factors for the other two classes: for t-II, this would require a gaugino-Higgsino-W/Z
vertex, which is absent for vEW → 0. The same applies for s-MA, noting in addition
that the Af¯f coupling requires also the presence of a Yukawa coupling.
Lifting of only isospin suppression: The isospin suppression can be lifted for all four
subsets, by replacing the insertion of vEW within the 2-body amplitude by the emis-
sion of a Higgs boson or a Goldstone boson, respectively. Note that for the set t-I this
amounts to replacing the fermion mass insertion by a fermion-fermion-Higgs/Goldstone
coupling (or replacing the sfermion L/R mixing insertion by a sfermion-sfermion-
Higgs/Goldstone coupling, respectively). For all other sets one replaces the gaugino-
Higgsino mixing insertion in the initial line by a gaugino-Higgsino-Higgs/Goldstone
vertex. For the s-channel, the diagrams can also be thought of as an annihilation into
a pair of scalars, with subsequent decay of one of them. This mechanism of suppres-
sion lifting is very general, and appears for all gauge invariant subsets of diagrams
as well as for all final states (involving W/Z or a Higgs boson). We expect it to be
relevant especially for heavy neutralino masses.
Lifting of only Yukawa suppression: This case is in some sense the most difficult to
realize. The reason is that it requires a Higgs (or Goldstone) boson in the final state,
and therefore only diagrams where the final-state boson does not couple directly to the
final-state fermions can potentially contribute in the limit yf → 0. We identified three
such processes, shown in the last column in Table 3: For t-I, the Higgs (or charged
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Goldstone boson; note that there is no sfermion-sfermion-G0 vertex for yf → 0) can be
emitted from the sfermion line in the t-channel, i.e. via VIB. The corresponding vertex
is derived from a four-scalar sfermion-sfermion-Higgs-Higgs interaction, involving the
full Higgs doublets. This coupling leads to the required vertices at O(vEW ), and scales
with g2 for yf → 0 within the MSSM (see Refs. [33] and [20] for a discussion within
a toy model for the Goldstone- and Higgs-emission, respectively). In addition, for
t-II, the Higgs can be emitted via ISR (second row, last column of Table 3). While
this contribution lifts Yukawa suppression, it is suppressed compared to the 2-body
process for a large mass hierarchy between gaugino and Higgsino mass parameters; we
nevertheless kept this contribution, because the former effect can easily compensate
for the latter. Finally, for the s-EW case, the Higgs can be emitted from the s-channel
mediator via a Goldstone-Higgs-Z coupling (third row, last column in Table 3). Note
that this mechanism is distinct from the one discussed in [38], and that the toy-model
discussed there cannot be realized within the MSSM. To the best of our knowledge,
both the t-channel ISR and the s-channel Higgstrahlung processes that we identified
within the MSSM have not been discussed before.
One can understand the diagrams that lift Yukawa or isospin suppression as shown
in Table 3 based on basic properties of the unbroken MSSM Lagrangian, as well as the
symmetry requirement JCP = 0− of the s-wave initial state. For example, mixing insertions
∝ gvEW of the neutralino line can turn a Bino into a Higgsino, but not into a Wino. In
addition, the Higgsino coupling to fermion/sfermion pairs is proportional to the Yukawa
coupling, while the corresponding coupling for Bino- and Wino-like neutralinos involves a
gauge coupling and is therefore generally much less suppressed (except for the top quark).
One slightly more involved example is the diagram in the last column of the first row.
For final states involving a longitudinal WL, the corresponding sfermion vertex derives
from the interaction term ∝ g2(f˜ †LH)(H†f˜L) present for sfermion fields that transform as
doublet under SU(2)L. After inserting the decomposition H = (G+, (vEW + h+ iG0/
√
2))
of the SM-like Higgs doublet one easily verifies that at linear order in vEW one obtains
a sfermion coupling to G± and h, but not to G0, which explains why no longitudinal ZL
boson can be produced in this case. The Higgs final state also receives a further contribution
from the interaction term ∝ H†Hf˜ †f˜ , which exists for all (left and right) sfermion fields.
Furthermore, for the s-channel processes of the type χχ→ hB∗ → hf¯f that give a non-zero
contribution in the s-wave limit, the mediator B is a pseudoscalar or transverse vector (i.e.
G0, A0, ZT ), while for χχ → G0B∗ → G0f¯f , B is a scalar (i.e. h,H0). This is consistent
with the odd CP parity of the initial state.
Note that the above arguments are only valid when expanding around the unbroken
theory, and representing longitudinal degrees of freedom by Goldstone bosons. In fact,
within the broken theory, analogous arguments would be hampered by large cancellations
that occur among individual diagrams, and that make the power counting less transparent.
Nevertheless, we carefully cross checked that all these arguments can indeed be reproduced
when using the full matrix elements within the broken theory, and expanding the sum of
all diagrams within a gauge invariant subset for heavy neutralino mass.
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While the discussion above assumed a gaugino-like neutralino, the case of a Higgsino-
like neutralino is very similar. For the third and fourth row in Table 3, in particular, nothing
changes except that the incoming neutralino is now a Higgsino in the limit vEW → 0, and
the insertion ∝ gvEW denotes mixing with either a Bino or Wino (in addition, both ZT
and WT ISR is possible, while only WT ISR is possible for Wino-like neutralinos). The
same applies to the second line, after interchanging the label of g and yf on the vertices
involving a sfermion in all diagrams in the first and second column (this does not affect the
overall scaling of the amplitude), while the diagram in the last column would receive an
additional y2f suppression. For the first row, the two neutralino-sfermion-fermion vertices
scale with yf instead of g in all diagrams. Thus, this class is additionally suppressed by
a factor y2f compared to the other subsets. Nevertheless, for completeness, we kept this
case because the 3-body processes can lift the additional suppression factors yfvEW of the
2-body amplitude in the same way as for a gaugino-like neutralino.
In summary, we confirmed the general symmetry arguments outlined in Section 2.2 for
the MSSM and explicitly identified the contributions to the 3-body amplitudes that realize
the suppression lifting, focussing on final states containing (tranverse or longitudinal) gauge
bosons as well as the SM-like Higgs boson. By expanding the full amplitudes in various
limits that correspond to Bino-, Wino- or Higgsino-like neutralino, respectively, we find that
(almost) all of the possibilities allowed by symmetries are realized. The cases for which we
did not find a contribution within the MSSM are marked by a ‘-’ in Table 2. For processes
involving W bosons and purely right-handed fermions an additional suppression arises that
can be traced back to the chiral structure of the SU(2)L interaction. For processes involving
ZL (represented by G0) or A, and fermions of equal chirality, on the other hand, lifting of
Yukawa suppression would require that the amplitude does not contain Yukawa interaction
vertices. In addition, vertices such as sfermion-sfermion-G0/A are absent for yf → 0 (as
required by CP -invariance), such that a t-channel process analogous to the one in the first
row, last column of Fig. 3 does not exist. For the s-channel, the symmetries of the initial
state would require a CP-even mediator if the G0 or A was emitted via ISR. Within the
MSSM, only the Higgs bosons are available. However, their coupling to fermions necessarily
involve a Yukawa coupling, such that Yukawa suppression cannot be lifted in this specific
process. Similarly, one can convince oneself that the s-channel VIB process (3rd row, 4th
column of Fig. 3) as well as the remaining t-channel process (2nd row, 4th column) cannot
occur when replacing h→ G0, A.
B Numerical implementation
For each Feynman diagram, we have implemented the full analytical expressions for the
helicity amplitudes in DarkSUSY [40]. We numerically sum over these contributions to
obtain the total amplitude for a given helicity configuration, M(h,λ)
χχ→F¯ fX , as introduced in
Appendix A.1. Differential and partial cross sections are computed according to Eq. (A.13),
by numerically integrating over the energies of the final state particles; for consistency
checks, this can be done for any pair of energies and in any specified order. In order to
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improve convergence and accuracy of the numerical integrations, we use taylored integration
routines that make use of the known locations of kinematic resonances [87].
For the total cross sections, we have explicitly implemented the NWA approximations
contained in Eqs. (4.3–4.9). We have extensively checked our code, and hence also the pre-
scription of subtracting the NWA contribution detailed above, by comparing the total cross
section defined in Eq. (4.10), on a channel-by-channel basis and for various SUSY models,
with numerical results obtained with CalcHEP [93]21. For all models, and all annihilation
channels, we find remarkable agreement. We also checked agreement for individual classes
of diagrams (s/tu-channel, ISR/FSR/VIB) as classified in Section 3.1. Let us stress that
in terms of computation time the implementation via helicity amplitudes, together with
the taylored integration routines, is less expensive compared to the evaluation of squared
matrix elements via Monte Carlo integration as implemented in CalcHEP. This is especially
significant for the 3-body processes to which a large number of diagrams contribute, and
for which the difference in computation times amounts to several orders of magnitude in
the specific kinematic limit we are interested in here.
For the yields of stable particles, we have implemented the procedure described in
Section 4.2, using unpolarized yields for decaying particles given that these are the only
ones that are currently available in DarkSUSY [95]. As discussed, as long as the total yields
(i.e. summed over all channels) are concerned, our prescription still captures any double
counting. We note that extending our implementation to fully polarized yields will be
straight-forward for future work, given the results provided in Section 4.2 and the helicity
amplitudes reported in Appendix A.
Let us mention a few of the extensive numerical checks that we performed to test the
yield implementation. We considered, in particular, models for which the 3-body annihi-
lation is dominated by an almost on-shell intermediate resonance. In this case, the sub-
21We compared our implementation of 3-body cross sections based on DarkSUSY 5.1 with CalcHEP 3.4
[93]. In particular, we adapted the ewsbMSSM implementation of CalcHEP to compute the spectrum from
a given set of pMSSM input parameters at scale Q = MZ (except for MA which is the pole mass) using
SoftSusy 3.4 [94]. The Susy les Houches output file written by SoftSusy is then used as input for DarkSUSY
via the slha interface. In order to be able to directly compare the output it is necessary to adapt various
routines in order to match the conventions. Apart from making sure that all SM input parameters agree (we
used mb = 4.92GeV, sin(θW ) = 0.47162, ΓW = 2.07GeV, Γt = 2.0GeV), we made the following changes for
the purpose of cross checking: For CalcHEP, we switched off the running bottom mass (dMbOn=0) and used
unitary gauge (for the comparison on a diagram-by-diagram basis; only the sum is gauge-independent).
For DarkSUSY , the Yukawa couplings are by default read in from the blocks YU, YE and YD in the slha
file. For the purpose of comparison, it is convenient to fix the Yukawa couplings at yi = mi/v, especially
for the top. Therefore, we commented out the corresponding lines in dsfromslha.f. Additionally, in
su/dssuconst_yukawa_running.f, we commented out the running Yukawas, such that the default Yukawa
couplings, which are simply related to the (on-shell) masses, are used. In addition, the call to dshigwid()
was commented out in dsfomslha.f in order to avoid a rescaling of Higgs couplings that takes certain NLO
corrections into account. For the purpose of comparison, it is more convenient to have tree-level couplings.
In addition, we then set the Higgs widths to a common value in both programs. Finally, we set the first
and second generation quark masses to zero and the CKM mixing matrix to unity in order to match the
conventions of the ewsbMSSM model implemented in CalcHEP. We verified that the conventions agree
by comparing also the 2-body cross sections for all channels allowed at s-wave, for which we find perfect
agreement after the changes described above.
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traction procedure described in Sec. 4.2 is expected to lead to a large cancellation between
the full 3-body contribution and the NWA term. We explicitly verified this cancellation
for all yields of stable particles, and over the full energy range. The cancellation amounts
to several orders of magnitude in specific cases, and therefore provides a robust check of
the implementation. In addition, we also verified that the yields obtained from all of the
models contained in our MSSM scan results pass a number of checks (e.g. yields within an
expected range at E > mχ/2 and E > mχ/10). Finally, we also considered 3-body final
states that contain directly one or more stable particles (such as e.g. χχ → Weν). In
this case, we verified that the neutrino and positron spectra match the analytical result
discussed in App. C for specific models for which this final state is dominantly produced
by an intermediate W resonance.
C Spin correlations of decaying resonances
In Section 4, we discussed how to subtract double counting due to on-shell intermediate
states (‘resonances’) contributing to 3-body annihilation processes. If the resonance carries
a spin, the spectrum of final state particles depends on how much the various helicity states
of the resonance contribute. In Section 4 we argued that for annihilation of Majorana
fermions in the s-wave limit, CP and angular momentum conservation uniquely determine
the helicity of all possible intermediate states that can contribute to the 3-body processes
considered here. Here we present a formal derivation of this result, based on a description
that would in principle allow us to treat also more general cases.
In full generality, several helicity states of the resonance contribute to the amplitude,
and can also interfere with each other when taking the absolute value squared. As a starting
point we consider the example χχ→ HW → HfF¯ . We are interested in the contribution
from the on-shell intermediate W boson. The full matrix element squared can then be
written in the form
|Mres|2 ≡
∑
s1,s2
∣∣∣∣∣∑
λ
Mµ2→2∗λµ λν (Mνs1,s2)1→2
∣∣∣∣∣
2
, (C.1)
where we indicated explicitly the summation over the final-state spins of the fermions,
and the polarization states of the internal W . To extract the on-shell contribution in
the narrow-width limit we assume that the momentum qµ of the W is (almost) on-shell,
q2 ' M2W . This implies that the kinematics of the H and W momenta is identical to the
2-body annihilation. The first term inside the square contains the helicity amplitude for
the 2-body part,
Mλ2→2 ≡Mµ2→2∗λµ . (C.2)
For concreteness we can take the momentum of the W to be along the z-axis, qµ =
(Eq, 0, 0, |q|), where Eq =
√
|q|2 +M2W and |q| is determined by the neutralino, W and
Higgs mass via the 2-body kinematics (identical to |p3|, see (C.22) below). The decay
W → fF¯ gives (fermion momenta p1 and p2)
(Mνs1,s2)1→2 = u¯s1(p1)(gPLγν)vs2(p2) (C.3)
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Inserting these into the resonant matrix element, and writing out the square gives after
some renaming of indices
|Mres|2 =
∑
λ,λ′
M∗λ′2→2Mλ2→2∗λ
′
µ 
λ
ν
∑
s1,s2
(M∗µs1s2)1→2(Mνs1s2)1→2
=
∑
λ,λ′
M∗λ′2→2Mλ2→2 ×Dλλ′ (C.4)
where
Dλλ′ ≡ ∗λ′µ λν
∑
s1,s2
(M∗µs1s2)1→2(Mνd,s1s2)1→2 (C.5)
= ∗λ
′
µ 
λ
ν g
2 tr(( /p2 −mF )γµPR( /p1 +mf )PLγν) (C.6)
= ∗λ
′
µ 
λ
ν 2g
2 (pµ2p
ν
1 − gµνp1 · p2 + pν2pµ1 + iµνκρp2κp1ρ) (C.7)
The decorrelation-approximation (i.e. the replacement of the matrix element by the product
of two matrix elements with independent summation over spin states, (3.6)) would be
obtained by replacing
Dλλ′ → Ddecorrelatedλλ′ ≡
1
3
δλλ′
∑
λ′′
Dλ′′λ′′ (C.8)
Instead, one can also try to use the full matrix Dλλ′ . To compute it, one can use the helicity
basis
±µ = (0, 1,±i, 0)/
√
2, 0µ = (|q|, 0, 0, Eq)/MW , (C.9)
which fulfill ∗λ′µ µλ = −δλλ′ as well as
∑
λ 
∗λ
µ 
λ
ν = −gµν + qµqν/M2W .
A convenient frame to evaluate it is the rest frame of the W , obtained by boosting
along the z direction. In this frame 0µ = (0, 0, 0, 1). The momenta of the fermions can be
parameterized by the angle w.r.t to the z-axis (which is singled out as the polarization axis
of the W ),
p1 = (E
∗
p1 , 0, |p∗1| sin θ, |p∗1| cos θ), p2 = (MW − E∗p1 , 0,−|p∗1| sin θ,−|p∗1| cos θ) (C.10)
where |p∗1| and E∗p1 =
√
|p∗1|2 +m2f are the momentum and energy of f in the W rest
frame, see (C.22). Inserting this and evaluating the trace yields an explicit expression for
Dλλ′ = Dλλ′(θ) in terms of θ. Using that the polarization vectors have zero temporal
component in the basis we are working in, and that ~p2 = −~p1,
Dλλ′(θ) = 2g2 (−2(~λ′~p1)∗(~λ~p1) + δλλ′p1 · p2 + iMW (~ ∗λ′ × ~λ) · ~p1) (C.11)
Now one can use p1 · p2 = (M2W −m2f −m2F )/2 and
~0~p1 = |p∗1| cos θ, ~±~p1 = ±i
|p∗1|√
2
sin θ (C.12)
~∗+ × ~+ = +i~0, ~∗− × ~− = −i~0, ~∗0 × ~± = ∓i~±, ~∗± × ~0 = ∓i~∓ (C.13)
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The result is
D00 = 2g2(p1 · p2 − 2|p∗1|2 cos2 θ) (C.14)
D±± = 2g2(p1 · p2 − |p∗1|2 sin2 θ ∓MW |p∗1| cos θ) (C.15)
D±∓ = 2g2|p∗1|2 sin2 θ (C.16)
D±0 = −i
√
2g2|p∗1| sin θ(MW ∓ 2|p∗1| cos θ) = D∗0± . (C.17)
One can check that the average over the diagonal contributions corresponds to the usual
unpolarized decay matrix element,
|M1→2|2 = 1
3
∑
λ
Dλλ = 1
3
g2(6p1 · p2 − 4|p∗1|2) = g2(M2W −m2f −m2F −
4
3
|p∗1|2) (C.18)
To obtain the diff. cross section, we use the representation of the phase space in the
form
d(σvHfF¯ ) = dΦ
|M|2
4M2χ
=
1
(2pi)5
1
16(2Mχ)2
|M|2|p∗1||p3|dm12dΩ∗1dΩ3 (C.19)
where p3 is the Higgs momentum, and m212 = q2 the resonant momentum. Now we can do
an approximation where we replace
|M|2 → |Mres|2 pi
MWΓW
δ(q2 −M2W ) (C.20)
but keep the fully correlated matrix element |Mres|2. By integrating over dm12 = dm212/(2m12) =
dq2/(2MW ), and doing the trivial Higgs angle dΩ3 and dφ∗1 integrals, one obtains the diff.
cross section w.r.t to the angle θ of the fermion f and the polarization axis of the W boson
in the back-to-back system,
d(σvHfF¯ )
NWA =
2
(2pi)3
1
16(2Mχ)2
|Mres|2 pi
MWΓW
1
2MW
|p∗1||p3|d cos θ (C.21)
where
|p∗1| =
[(M2W − (mf +mF )2)(M2W − (mf −mF )2)]1/2
2MW
(C.22)
|p3| = [((2Mχ)
2 − (mW +mH)2)((2Mχ)2 − (mW −mH)2)]1/2
4Mχ
(C.23)
One can rewrite this expression, using that the two-to-two and W decay rate are given by
σvHW =
1
8pi
|p3|
(2Mχ)2
∑
λ
|Mλ2→2|2 (C.24)
ΓW→fF¯ =
1
8pi
|p∗1|
M2W
|M1→2|2 (C.25)
where Mλ2→2 is the helicity amplitude and |M1→2|
2
is the usual summed/averaged decay
matrix element. Expressed in terms of the matrix introduced above, |M1→2|2 = 13
∑
λDλλ.
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The dependence on the angle cancels in this sum. Then,
d(σvHfF¯ )
NWA
d cos θ
= σvHW
ΓW→fF¯
ΓW
× |Mres|
2
2(
∑
λ |Mλ2→2|2)(13
∑
λDλλ)
(C.26)
= σvHW BR(W → fF¯ )×Fχχ→HW→HfF¯ (θ) (C.27)
where we have defined the function F which characterizes the angular dependence. Using
also (C.4) forMres, one can write it as
Fχχ→HW→HfF¯ (θ) =
∑
λ,λ′M∗λ
′
2→2Mλ2→2 ×Dλλ′(θ)
2(
∑
λ |Mλ2→2|2)(13
∑
λDλλ)
. (C.28)
If one would replace the matrix Dλλ′ by the decorrelated approximation (C.8), the last term
becomes constant
Fχχ→HW→HfF¯ (θ)
∣∣
D→Ddecorrelated =
1
2
. (C.29)
Integrating over the angle d cos θ (which yields a factor 2), one then recovers the familiar
relation for the NWA of the total cross section. However, in general the matrix Dλλ′ differs
from the decorrelated approximation, and has a non-trivial angular dependence as well as
off-diagonal entries.
For Majorana DM annihilation into a scalar and a vector, only the longitudinal polar-
ization contributes to the s-wave, i.e. Mλ=±12→2 → 0 for v → 0. Using the explicit expression
for Dλλ′ , this imples that
Fs−wave
χχ→HW→HfF¯ (θ) =
D00(θ)
2 13
∑
λDλλ
=
M2W −m2f −m2F − 4|p∗1|2 cos2 θ
2(M2W −m2f −m2F − 43 |p∗1|2)
≈ 3 sin
2 θ
4
, (C.30)
where the last expression applies for massless fermions. This corresponds to the decay
spectrum of a longitudinally polarizedW boson. The integral of this expression over d cos θ
coincides with the decorrelated case. Therefore, the result for the total cross section in the
NWA is nevertheless accurate, with error governed by ΓW /MW , as expected.
Instead of the angle θ one can use the energy Ef of the fermion in the rest frame of
the annihilating particles,
Ef = γ
(√
|p∗1|2 +m2f + |p∗1|β cos θ
)
, dEf = γβ|p∗1|d cos θ (C.31)
where β = |p3|/
√
|p3|2 +M2W and γ = (1−β2)−1/2. This finally yields the fermion spectrum
in the narrow-width limit,(
dσvHfF¯
dEf
)NWA
=
σvHW BR(W → fF¯ )
γβ|p∗1|
× Fχχ→HW→HfF¯ (θ)
∣∣∣
cos θ=
Ef−γ
√
|p∗1|2+m2f
|p∗1|βγ
(C.32)
This procedure can be generalized to other 3-body final states in a straightforward way.
For example, for χχ→WfF¯ , the contribution from the W resonance is(
dσvW+fF¯
dEf
)NWA ∣∣∣
R=W
=
σvWW BR(W
− → fF¯ )
γβ|p∗1|
×Fχχ→WW→W+fF¯ (θ)
∣∣∣
cos θ=
Ef−γ
√
|p∗1|2+m2f
|p∗1|βγ
(C.33)
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where
Fχχ→WW→W+fF¯ (θ) =
∑
λ,λ′,λ3M∗λ3λ
′
2→2 Mλ3λ2→2 ×Dλλ′(θ)
2(
∑
λ,λ3
|Mλ3λ2→2|2)(13
∑
λDλλ)
, (C.34)
and Mλ3λ2→2 = λ3µ (p3)λµ(q)Mµν2→2 is the helicity amlitude for the χχ → WW annihilation
process. In comparison to before, we have to sum in addition over the polarizations of the
W+ that appears in the 3-body final state. The matrix Dλλ′(θ) is the same as before.
For s-wave annihilation the pair of vector bosons is in a state with S = L = 1, J = 0,
and Lz = Sz = 0, when choosing the z-axis along the momentum of one of the final state
particles. The possible spin projectionsm1 andm2 of the vector bosons are then determined
by the Clebsch-Gordon coefficients for coupling two spin-1 states (S1 = S2 = 1) to a total
spin S = 1 state with m ≡ Sz = 0,
〈S1S2;m1m2|S1S2;Sm〉 =

√
1/2 m1 = 1,m2 = −1
0 m1 = 0,m2 = 0
−√1/2 m1 = 1,m2 = −1 (C.35)
Since the spatial momenta of the vectors are opposite, this means they can only be in equal
helicity states, and additionally have to be transverse, more precisely
Mλλ′p ∝ 〈1 1;λ (−λ′)|1 1; 1 0〉 ∝ diag(1, 0,−1) , (C.36)
which implies
Fs−wave
χχ→WW→W+fF¯ (θ) =
M2W −m2f −m2F − 2|p∗1|2 sin2 θ
2(M2W −m2f −m2F − 43 |p∗1|2)
(C.37)
≈ 3
4
(
1− 1
2
sin2 θ
)
.
This corresponds to the decay spectrum of transversely polasized W bosons, and the last
line applies to massless fermions. It is straightforward to derive the corresponding matrix
Dλλ′ for Z decay and to generalize the procedure to a fermionic (top) resonance. One finds
similarly that due to CP and angular momentum conservation only a definite helicity state
can contribute, which then determines the decay spectrum.
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